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Policy
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State-Action Space
Finding a trajectory
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pπ(s, a) = µπ(s)π(a|s)
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State-Action Space
Finding a trajectory
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∀s′
∑

s,a µ
π(s)π(a|s)p(s′|s, a) = µπ(s′)

November 11, 2015 | KE | Nils Moehrle | 5



State-Action Space
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State-Action Space
Finding a trajectory
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r (s, a) = −
∑

i max(0, dist(Oi , s, a)− radius(Oi ))2 − length(a)
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State-Action Space
Finding a trajectory
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Kullback-Leibler Divergence – Relative Entropy

hd (x) = −
∫

p(x) log p(x) dx

hc(x) = −
∫

p(x) log q(x) dx

hd (x)− hc(x) = −
∫

p(x) log p(x) dx −
(
−
∫

p(x) log q(x) dx
)

DKL(p‖q) = −
∫

p(x) log
p(x)
q(x)

dx
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Kullback-Leibler Divergence – Relative Entropy
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State-Action Space
Finding a trajectory
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pπ(s, a) = µπ(s)π(a|s)
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Problem Statement - informal

Maximize expected reward J(π) while:
I Limiting information loss through Kullback-Leibler divergence
I Ensuring stationary features under π
I Enforcing that pπ(s, a) = µπ(s)π(a|s) is a probability distribution
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Problem Statement - formal

max
π,µπ

J(π) =
∑
s,a

µπ(s)π(a|s)r (s, a)

s.t . ε ≥ D(pπ||q)∑
s′
µπ(s′)φs′ =

∑
s,a,s′

µπ(s)π(a|s)p(s′|s, a)φs′

1 =
∑
s,a

µπ(s)π(a|s) =
∑
s,a

pπ(s, a)
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Problem Statement - Lagrangian

L =
∑
s,a

pπ(a, s)r (s, a)

· η

(
ε−

∑
s,a

pπ(s, a) log
pπ(s, a)
q(s, a)

)

· θ

(
−
∑
s′,a′

pπ(s′, a′)φs′ +
∑
s,a,s′

pπ(s, a)p(s′|s, a)φs′

)

· λ

(
1−

∑
s,a

pπ(s, a)

)
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Derivation of REPS – Part I

L =
∑
s,a

pπ(s, a)

(
r (s, a)− η log

pπ(s, a)
q(s, a)

− θφs + θ
∑

s′
p(s′|s, a)φs′ − λ

)
+ ηε + λ

Derivative w.r.t pπ(s, a)

∂

∂pπ(s, a)
− pπ(s, a)η log

pπ(s, a)
q(s, a)

= −η log
pπ(s, a)
q(s, a)

− pπ(s, a)η
q(s, a)

pπ(s, a)
1

q(s, a)

= −η log
pπ(s, a)
q(s, a)

− η

∂

∂pπ(s, a)
L = r (s, a)− η log

pπ(s, a)
q(s, a)

− η − θφs +
∑

s′
p(s′|s, a)θφs′ − λ
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Derivation of REPS – Part II

θφs ⇒ Vs

∂

∂pπ(s, a)
L = −η log

pπ(s, a)
q(s, a)

− η + r (s, a)− λ +
∑

s′
p(s′|s, a)Vs′ − Vs
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Derivation of REPS – Part III

r (s, a)− λ +
∑

s′ p(s′|s, a)Vs′ − Vs ⇒ δθ(s, a) (Bellman error)

∂

∂pπ(s, a)
L = −η log

pπ(s, a)
q(s, a)

− η − λ + δθ(s, a) != 0

−η − λ + δθ(s, a) = η log
pπ(s, a)
q(s, a)

exp
−η − λ
η

exp
δθ(s, a)
η

=
pπ(s, a)
q(s, a)

(1)

q(s, a) exp
−η − λ
η

exp
δθ(s, a)
η

= pπ(s, a)
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Derivation of REPS – Part IV

Since
∑

s,a pπ(s, a) = 1

∑
s,a

q(s, a) exp
δθ(s, a)
η

exp
−η − λ
η

= 1

exp
−η − λ
η

=
1∑

s,a q(s, a) exp 1
η δθ(s, a)

(2)

pπ(s, a) =
q(s, a) exp 1

η δθ(s, a)∑
s,a q(s, a) exp 1

η δθ(s, a)
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Derivation of REPS – Part V

Using pπ(s, a) = µπ(s)π(a|s) and µπ(s) =
∑

a pπ(s, a)

µπ(s)π(a|s) =
q(s, a) exp 1

η δθ(s, a)∑
s,b q(s, b) exp 1

η δθ(s, b)

π(a|s) =
q(s, a) exp 1

η δθ(s, a)∑
a pπ(s, a) ·

∑
s,b q(s, b) exp 1

η δθ(s, b)
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Optimal Policy

π(a|s) =
q(s, a) exp

(
1
η δθ(s, a)

)
∑

b q(s, b) exp
(

1
η δθ(s, b)

)

Bellman error: δθ(s, a) = r (s, a) +
∑

s′ p(s′|s, a)Vθ(s′)− Vθ(s)
Dual: g(η, θ) = ηε + η log

∑
s,a q(s, a) exp δθ (s,a)

η
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Derivation of the Dual – Part I

Start from Lagrangian using the Bellman error

g(η,λ) =
∑
s,a

pπ(s, a)
(
−η log

pπ(s, a)
q(s, a)

+ δθ(s, a)− λ
)

+ ηε + λ

Substituting pπ (s,a)
q(s,a) with Equation (1)

− η log
(

exp
−η − λ
η

exp
δθ(s, a)
η

)
− η−η − λ + δθ(s, a)

η

g(η,λ) =
∑
s,a

pπ(s, a) (η + λ− δθ(s, a) + δθ(s, a)− λ) + ηε + λ
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Derivation of the Dual – Part II

g(η,λ) = η
∑
s,a

pπ(s, a) + ηε + λ = η + ηε + λ = ηε · η log exp
η + λ
η

Substituting exp(η+λ
η ) with Equation (2)

g(η, θ) = ηε + η log
∑
s,a

q(s, a) exp
δθ(s, a)
η
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Solving the Dual

min
η,θ

ηε + η log
∑
si ,ai

1
N

exp
δθ(si , ai )

η
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I Draw samples from current policy
I Evaluate policy for η and θ by solving the dual

I Using the samples from this or more iterations

I Compute new policy
I Repeat until convergence
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Policy Improvement

q(s, a) = µπl (s)πl (a|s)

πl+1(a|s) =
πl (a|s) exp

(
1
η δθ(s, a)

)
∑

b πl (b|s) exp
(

1
η δθ(s, b)

)
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The End

Thank you :-)
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Discussion

Any questions?
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Discussion

Any questions?

nils.moehrle@stud.tu-darmstadt.de
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