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Bayesian Networks
 Syntax
 Semantics
 Parametrized Distributions
 Inference in Bayesian Networks

 Exact Inference
 enumeration
 variable elimination

 Approximate Inference
 stochastic simulation
 Markov Chain Monte Carlo (MCMC)

Includes m
any slides by R

ussell &
 N

orvig



Bayesian Networks                                                                                                                          ©  J. Fürnkranz2

   TU Darmstadt, SS 2009                                                                                                                                                      Einführung in die Künstliche Intelligenz

Inference Tasks
 Simple queries

 compute the posterior marginal distribution for a variable
 Conjunctive queries

 compute the posterior for a conjunction of variables

 Optimal decisions
 decision networks include utility information
 probabilistic inference required for P(outcome|action,evidence)

 Value of Information
 which evidence to seek next?

 Sensitivity Analysis
 which probability values are most critical?

 Explanation
 why do I need a new starter motor?

PX i , X j ∣E=e = P X i ∣E=e⋅P X j ∣ X iE=e
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Inference by Enumeration

where n is the number of variables and d is the number of values per variable

Worst case: O(n d n) time
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Enumeration Algorithm
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Evaluation Tree
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Variable Elimination
 Key idea:

 Do not multiply left-to-right but right-to-left.
 Thus, terms that appear inside sums are evaluated first 

 intermediate results are stored as so-called factors
 factors can be re-used several times in the same computation

 is a form of dynamic programming
 Example:
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Factors
 A factor is a vector / matrix containing all probabilities for all 

dependent variables
 Examples:



 The factor fA(A,B,E) is a 2 x 2 x 2 matrix

f M A= P m ∣a 
P m ∣¬a 
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Basic Operations
 Summing Out a variable from a product of factors

 move any constant factors outside the summation
 add up submatrices in pointwise product of remaining factors

assuming f1, …, fi do not depend on X

 Pointwise Product of factors f1 and f2
 for example:
 in general:

 has 2j+k+l entries (if all variables are binary)

f ١A , B×f ٢B ,C =f A , B ,C 

f ١ X ١ , ... , X j ,Y ١ , ... ,Y k ×f ٢Y ١ , ... ,Y k , Z ١ , ... , Z l=
=f  X ١ , ... , X j ,Y ١ , ... , Y k , Z ١ , ... , Z l 

∑x
f ١×...×f k = f ١×...×f i×∑x

f i١×...×f k
= f ١×...×f i×f X
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Example: Pointwise Product
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Variable Elimination Algorithm
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Irrelevant Variables
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Markov Blanket
 Markov Blanket:

 parents + children + children's parents

=PX ∣all variables

PX ∣U ١, ... ,U m , Y ١,... ,Y n , Z١j , ... , Znj=

 Each node is conditionally 
independent of all other nodes 
given its markov blanket
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Moral Graph
 The moral graph is an undirected graph that is obtained as 

follows:
 connect all parents of all nodes
 make all directed links undirected

 Note: 
 the moral graph connects each node to all nodes of its Markov 

blanket
 it is already connected to parents and children
 now it is also connected to the parents of its children

Graphs taken from Wikipedia
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Moral Graph and Irrelevant Variables
 m-separation:

 A is m-separated from B by C iff it is separated by C in the 
moral graph

 Example:
 J is m-separated from E by A

Theorem 2: Y is irrelevant if it is m-separated from X by E

 Example:
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Complexity of Exact Inference

Example: 
   Two paths from 

    Cloudy to Wet Grass

→ we need approximate
     inference techniques
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Inference by Stochastic Simulation
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Sampling from an Empty Network
 Generating samples from a network that has no evidence 

associated with it (empty network)
 Basic idea

 sample a value for each variable in topological order
 using the specified conditional probabilities
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Example
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Example
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Example
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Example
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Example
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Example
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Example



Bayesian Networks                                                                                                                          ©  J. Fürnkranz25

   TU Darmstadt, SS 2009                                                                                                                                                      Einführung in die Künstliche Intelligenz

Convergence of 
Sampling from an Empty Network



Bayesian Networks                                                                                                                          ©  J. Fürnkranz26

   TU Darmstadt, SS 2009                                                                                                                                                      Einführung in die Künstliche Intelligenz

Rejection Sampling
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Analysis of Rejection Sampling
 Rejection sampling generates random samples from an 

empty network
 and discards all samples that are inconsistent with the 

evidence

 Problem
 many unnecessary samples will be generated if the probability 

of observing the evidence e is small
 P(e) will decrease exponentially with increasing numbers of 

evidence variables!



Bayesian Networks                                                                                                                          ©  J. Fürnkranz28

   TU Darmstadt, SS 2009                                                                                                                                                      Einführung in die Künstliche Intelligenz

Likelihood Weighting
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Example
Evidence:
   sprinkler is on and 
   grass is wet
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Example
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Example
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Example
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Example
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Example
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Example

The probability (weight) of the 
event that it is cloudy, the 
sprinkler is on, it is raining, 
and the grass is wet is 0.099
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Analysis
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 Markov Chain Monte Carlo (MCMC) 
Sampling

Gibbs Sampling
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The Markov Chain
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Example
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Markov Blanket Sampling


