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Abstract

In the area of machine learning, multi-label classification is the task of learning a model from training
data in order to be able to assign a set of labels to yet unknown instances [Read et al., 2011, Tsoumakas
and Katakis, 2006]. This is in contrast to binary or multi-class classification problems, where only sin-
gle classes are predicted. For example, newspaper articles can often be associated with multiple topics
and a single piece of music can belong to more than one genre at once [Godbole and Sarawagi, 2004,
Tsoumakas and Katakis, 2006]. As recent studies have revealed, multi-label classification approaches,
which are able to take correlations between labels — e.g. subsumptions or exclusions — into account, are
expected to achieve better predictive results [Read et al., 2011]. Loza Mencia and Janssen [2015] have
recently proposed a separate-and-conquer rule learning algorithm for solving multi-label classification
problems, which is able to discover dependencies between individual labels. This is based on inducing
rules, which partially or fully depend on label conditions, instead of being exclusively based on testing
the values, which are associated with individual instances. The authors of said work advocate the use of
rule learning algorithms for solving multi-label classification tasks, because rules are a natural and simple
form of expressing a learned model. Furthermore, they allow to expose correlations between labels in
a human-readable and -interpretable manner. However, the individual rules, which are learned by Loza
Mencia and Janssen’s algorithm do only predict the presence or absence of one single label. In order to
overcome this restriction, the work at hand aims at modifying the original algorithm in order to be able
to induce so-called multi-label head rules, which allow to predict multiple labels at once. One challenge
of inducing such rules is, that the number of possible label combinations, which have to be taken into ac-
count for each rule, exponentially increases with the number of available labels. Therefore, the primary
contribution of this work is to elaborate a way for efficiently learning multi-label head rules, even if a
large number of labels is given. In order to achieve this, the proposed algorithm is based on exploiting
the so-called anti-monotonicity of certain evaluation metrics, which are used to measure the performance
of potential rules. In this work, it is shown, how said property can be exploited for reducing the com-
putational complexity of searches for multi-label head rules. Furthermore, various evaluation methods,
which are commonly used for measuring multi-label classification performance, are examined in order
to show, whether they fulfill the properties of anti-monotonicity, or not. This is indispensable for discov-
ering valid configurations of the proposed algorithm and enables to understand its limitations. Finally,
by applying the proposed algorithm to different data sets and statistically evaluating the predictions and
characteristics of the learned models, the effects of learning multi-label head rules is shown. By compar-
ing the outcome of the proposed algorithm to those of different multi-label classification approaches, it
is also shown, that it is able to compete with those approaches in terms of predictive performance.




Zusammenfassung

Auf dem Gebiet des maschinellen Lernens versteht man unter Multi-Label Klassifizierung das Lernen
eines Modells auf Basis von Trainingsdaten, um anschliel3end in der Lage zu sein, eine Menge von La-
bels noch unbekannten Instanzen zuzuweisen [Read et al., 2011, Tsoumakas and Katakis, 2006]. Dies
steht im Gegensatz zu bindrer Klassifizierung oder Multiklassen-Problemen, bei denen lediglich einzel-
ne Klassen vorhergesagt werden. Beispielsweise konnen Zeitungsartikel haufig mit mehreren Themen
in Verbindung gebracht werden und ein Musikstiick kann zu mehr als einem einzigen Genre gehoren
[Godbole and Sarawagi, 2004, Tsoumakas and Katakis, 2006]. Wie vergangene Studien zeigten, er-
zielen Ansédtze zur Multi-Label Klassifizierung, die Korrelationen zwischen Labels — z.B. Untergruppen
oder gegenseitige Ausschliisse — beriicksichtigen, erwartungsweise bessere Vorhersageergebnisse [Read
et al., 2011]. Loza Mencia und Janssen [2015] stellten zuletzt einen Separate-and-Conquer Regellern-
Algorithmus zur Losung von Problemen im Bereich der Multi-Label Klassifizierung vor, der in der Lage
ist, Abhédngigkeiten zwischen einzelnen Labels aufzudecken. Dies basiert auf dem Lernen von Regeln,
die teilweise oder vollstdndig von Labeln abhdngen konnen, statt ausschliellich die Werte einzelner
Instanzen zu beriicksichtigen. Die Autoren der genannten Arbeit befiirworten den Einsatz von Regeller-
nern zur Losung von Multi-Label Problemen, da Regeln eine natiirliche und simple Form zum Ausdruck
eines gelernten Modells darstellen. Auflerdem erlauben sie es, Korrelationen zwischen Labeln in einer
menschenlesbaren und -interpretierbaren Form aufzuzeigen. Allerdings erlauben die Regeln, die durch
den von Men¢ia und Janssen vorgestellten Algorithmus gelernt werden, lediglich das Vorliegen oder die
Abwesenheit eines einzelnen Labels vorherzusagen. Um diese Einschrankung zu iiberwinden, zielt die
vorliegende Arbeit darauf ab, den originalen Algorithmus so zu modifizieren, dass sogenannte Multi-
Label Head Rules, die die Vorhersage mehrerer Labels erlauben, gelernt werden konnen. Eine Herausfor-
derung beim Lernen solcher Regeln besteht darin, dass die Anzahl der moglichen Label-Kombinationen,
die fiir jede Regel in Betracht gezogen werden miissen, exponentiell mit der Anzahl der verfiigbaren
Label ansteigt. Dementsprechend liegt der Beitrag dieser Arbeit in erster Linie darin, eine Moglichkeit
zum effizienten Lernen von Multi-Label Head Rules, selbst wenn eine grof3e Anzahl von Labels gege-
ben ist, zu erarbeiten. Um dies zu erreichen, basiert der vorgestellte Algorithmus auf der Ausnutzung
der sogenannten Anti-Monotonitdt bestimmter Evaluationsmetriken, die zur Einschiatzung der Giite ge-
lernter Regeln verwendet werden. In dieser Arbeit wird aufgezeigt, wie besagte Eigenschaft ausgenutzt
werden kann, um die Komplexitidt einer Suche nach Multi-Label Head Rules zu reduzieren. Dariiber
hinaus werden verschiedene Evaluationsmethoden, die iiblicherweise fiir die Einschdtzung der Klassi-
fikationsergebnisse bei Multi-Label Problemen verwendet werden, dahingehend untersucht, ob sie die
Eigenschaften der Anti-Monotonitét erfiillen. Dies ist unabdingbar, um giiltige Konfigurationen des vor-
gestellten Algorithmus aufzuzeigen und erlaubt es, dessen Einschrdnkungen zu verstehen. AbschlieRend
werden die Auswirkung des Lernens von Multi-Label Head Rules aufgezeigt, indem der vorgestellte Algo-
rithmus auf verschiedene Datensitze angewandt wird und dessen Vorhersagen, sowie die Charakteristika
der gelernten Modelle, statistisch untersucht werden. Indem die Ergebnisse des Algorithmus zudem mit
denen anderer Ansitze zur Multi-Label Klassifizierung verglichen werden, wird gezeigt, dass er in der
Lage ist, mit diesen in Bezug auf die Vorhersagegenauigkeit zu konkurrieren.
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1 Introduction

As an introduction to the work at hand, in this first chapter, an overview of the content and structure of
the present work should be given. This includes outlining the objectives and challenges of multi-label
classification, as well as giving a rough overview of the following chapters’ contents.

1.1 Challenges in Multi-Label Classification

The objective of machine learning is to provide automatic, machine-driven tools and algorithms for
processing data in order to facilitate categorization, analysis and comprehension [Loza Mencia, 2012].
Classical and well-studied disciplines of this research area are binary and multi-class classification. Both
aim at learning an universally applicable model from the assignments between objects and classes given
in a training data set. For example, such objects could represent newspaper articles, of which each one
is associated with a single topic such as “politics”, “economy”, “sports”, etc. The model, which is learned
by a classifier, should be suited for predicting the class assignments of yet unseen objects. These are
given in form of a test data set. In order to be able to make predictions on unknown data, the learned
model must generalize on the respective type of data. The objects, which are contained in a data set
are referred to as instances or examples. Because in many practical scenarios the individual objects of a
data set can be associated with multiple classes at once, multi-label classification problems have gained
increasing attention in the recent past [Loza Mencia, 2012]. For example, in case of assigning topics to
newspaper articles, an individual article can often be categorized by multiple interrelated topics at the
same time. For example, the topics “politics” and “economy” could both be associated with an article
about reforming tax laws.

Early attempts at solving multi-label classification tasks were based on breaking down the original
problem into less complex binary classification problems. These approaches — most notably the binary
relevance method — are referred to as problem transformation methods [Loza Mencia, 2012, Read et al.,
2011]. However, studies have revealed that exploiting correlations between labels may be beneficial for
the predictive performance (cf. Dembczynski et al. [2012]). Common problem transformation methods
do only support this to some extent — either they do not consider correlations between labels at all,
or they suffer from high computational complexity when applied to data sets with large numbers of
labels. Possible label correlations are implications, subsumptions and exclusions. For example, in the
already mentioned scenario of assigning topics to newspaper articles, the topic “foreign affairs” could
be a subtopic of “politics”. Such subtopics are more likely to be associated with an instance, if the
superordinate topic is relevant as well. In order to benefit from the exploitation of label dependencies,
while being able to handle a large number of labels at the same time, classification algorithms, which
are designed with these goals in mind, are needed.

The exploitation of correlations between labels might not only be desired, because it potentially in-
creases the predictive performance. In some use cases, exposing dependencies between labels could
also be required for analyzing multi-label data. In such case, the learned model must be comprehen-
sible and interpretable by humans. In contrast to statistical classification approaches, such as support
vector machines or neural networks, rule learning algorithms are well-suited to meet this requirement
[Loza Mencia and Janssen, 2015]. As rule learning is one of the oldest and best-researched areas of
machine learning, many different strategies and algorithms for the induction of classification rules exist.
The rules, which result from the application of such approaches, can not only be used for classifying
unknown data, but also form an easily understandable representation of the learned model.

1.2 Organization of the Work

The list, which is given in the following, provides a rough overview of the present work’s structure. In
order to highlight the main objectives of the next chapters, a brief summary of each of these chapters’
content is given.

10



* Chapter 2: In this chapter, the fundamentals of multi-label classification are introduced. This in-
cludes a formal definition of the problem domain, as well as a discussion of the most important
problem transformation methods (Section 2.1.1) and an argumentation for the need of exploit-
ing label dependencies (Section 2.1.2). Furthermore, the structure of separate-and-conquer rule
learning algorithms is introduced (Section 2.2.1) and it is discussed, how they can be used for
multi-class classification by using binarization (Section 2.2.2). As the algorithm, which is proposed
in this work, is based on the separate-and-conquer algorithm, which was recently proposed by
Loza Mencia and Janssen [2015], this also includes a presentation of their work (Section 2.2.3).
Finally, the chapter concludes by giving an outlook on different methods, which can be used for
measuring the performance of multi-label rules. Besides introducing the mathematical notation,
which is used throughout this work (Section 2.3.1), this corresponds to the discussion of different
aggregation and averaging strategies (Section 2.3.2), as well as to the definition of commonly used
evaluation functions (Section 2.3.3).

* Chapter 3: Based on the fundamentals and notations, which are given in Chapter 2, in this chapter,
the properties of anti-monotonicity (Section 3.2) and decomposability (Section 3.3) are formally
defined. It is argued, that they can be exploited for pruning searches for multi-label head rules
and therefore enable to efficiently deduce such rules with respect to computational complexity. In
order to illustrate, how the proposed algorithm searches for multi-label heads, various examples
are given in this chapter as well.

* Chapter 4: At this point, the operation of the algorithm, which is proposed in the present work, is
discussed. As it is based on Loza Mencia and Janssen’s separate-and-conquer algorithm, as previ-
ously introduced in Section 2.2.3, only aspects that differ from the original approach are considered
in this chapter. Most importantly, this includes the refinement of rule conditions (Section 4.1), as
well as searching for the best possible multi-label head for an individual rule (Section 4.2). Fur-
thermore, different methods for measuring the performance of multi-label head rules are discussed
(Section 4.3) and it is explained, how the rules, which are learned by the algorithm, can be used
to classify the label associations of unknown instances (Section 4.4).

* Chapter 5: In the individual sections of this chapter, the evaluation functions, which are introduced
in Chapter 2, are examined in terms of anti-monotonicity and decomposability. Based on the formal
definitions, which are given in Chapter 3, it is mathematically proved or disproved, whether those
properties hold for the respective evaluation functions, or not.

* Chapter 6: The results of various empirical studies, which have been elaborated as part of this
work, are presented in this chapter. By evaluating the performance of the proposed algorithm on
different multi-label data sets and comparing the results to those of other multi-label classification
approaches, it is possible to gain an impression of the algorithm’s capabilities. The comparison
of different approaches also includes the binary relevance method and the algorithm for learning
single-label head rules by Loza Mencia and Janssen.

* Chapter 7: In this final chapter, the content and contributions of the present work are summarized.
Furthermore, an outlook on different aspects and enhancements of the proposed algorithm, which
may be addressed in the future, is given.

11



2 Foundations of Multi-Label Classification and Inductive Rule Learning

In this chapter, the fundamentals of multi-label classification are introduced. Besides giving a formal
definition of the problem domain, this also includes a discussion of problem transformation methods,
which are commonly used for solving such problems, as well as emphasizing the importance of exploiting
label correlations. Furthermore — as the algorithm, which is presented in this work, is strongly related
to inductive rule learning —, the task of multi-label classification is described with a strong focus on
that particular machine learning discipline. Because the algorithm is built on the separate-and-conquer
algorithm, which has recently been proposed by Loza Mencia and Janssen [2015], their novel approach
for learning multi-label classification rules is also discussed at that point.

2.1 Multi-Label Classification

In machine learning, classification is the task of learning a model from a training data set T. Each of
the data set’s instances consists of attribute-value pairs and is associated with one or several predefined
classes A; out of the finite class space L := {44, ..., A,,} with n = || being the number of available classes
[Loza Mencia, 2012, Loza Mencia and Janssen, 2015]. As each instance X; assigns concrete values v to
the corresponding attributes A, of the given data set, a single instance is defined as follows (cf. Janssen
[2012]), where D denotes the instance space and [ corresponds to the total number of attributes. Note,
that in this work the terms “instance” and “example” are used as synonyms.

X =(vy,..,) €D, withD=A; x ... XA (2.1)

Instance

Attributes can either be nominal or numerical. Different types of attributes are possible as well, but
they are not relevant for the present work and therefore are not considered here. On the one hand,
the values of nominal attributes are discrete — e.g. true or false in case of a boolean attribute — and
cannot be ordered. On the other hand, the values of numerical attributes can be arbitrary numbers out
of a continuous value range and therefore are comparable [Fiirnkranz, 1999, Janssen, 2012]. As already
mentioned, the instances of a data set are associated with classes. Consequently, the training data set T
of a classification problem is defined as a sequence of tuples, denoted as follows (cf. Janssen [2012]). In
addition to the formal definition, a more descriptive illustration of a data set’s structure — according to
the notation, which is used throughout this work — is shown in Table 1.

T = ((Xl,Yl), e (Xm,Ym)) CDxL,withm=|T| (2.2)
Data set

The tuples (X;,Y;), which are shown in the equation above, are used to map an individual instance
X to a corresponding class vector Y;. Such a class vector specifies the classes, which are associated with
the instance, by using the following notation (cf. Loza Mencia [2012], Loza Mencia and Janssen [2015]),
where each class attribute y; specifies the absence (0) or presence (1) of the corresponding class A;:

Yj = (1, Ya) €{0,1)", with n =|L| (2.3)
Class vector

The model, which is derived from a given training data set, can be viewed as the following classifier
function, which maps a single instance X to a prediction Y. The prediction is a class vector according to
the definition given in Equation 2.3 and therefore the classifier function predicts the classes, which are
expected to be associated with an instance. Assuming, that such a classifier function generalizes on the
given type of data, it can be used to predict the classes of yet unknown test instances.

h(X)=Y (2.4)
Classifier function
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Attributes Labels
A L A A Ao Ay o Ay
X1 7
Instances | X; | V1 - U oo U | Y X1 oo Vi oeei Yn
Xm Y

Table 1: The structure of a multi-label data set according to the notation, which is used throughout this
work

In traditional binary or multi-class classification, each instance is associated with exactly one class and
therefore only one class attribute of the class vector, which is predicted by the learned classifier function,
is set to 1. If only two predefined classes are available (|| = 2), the task is considered to be a binary
classification problem. Accordingly, if more than two classes are given (|LL| > 2), one does refer to such as
a multi-class classification task [Loza Mencia, 2012, Tsoumakas and Katakis, 2006]. In contrast, in multi-
label classification, the instances can be related to an arbitrary number of distinct classes [Godbole and
Sarawagi, 2004, Loza Mencia, 2012, Loza Mencia and Janssen, 2015, Tsoumakas and Katakis, 2006]. As
a result, there are 2" potential predictions for an individual instance in such scenario (with n = |L| being
the total number of available classes) [Loza Mencia, 2012]. As this a drastic increase, when compared
to the n potential predictions in case of binary or multi-class classification, multi-label classification is
a particularly challenging research area. In the context of multi-label classification, “classes” are often
referred to as “labels” (cf. Loza Mencia [2012]). Therefore said terminology is used throughout the
remainder of the present work. Accordingly, the terms “label vector” and “label attribute” are used
instead of “class vector” and “class attribute” in terms of multi-label classification.

2.1.1 Problem Transformation Methods

One possible approach for solving multi-label classification tasks is to use problem transformation meth-
ods. Such methods are based on breaking down a complex multi-label classification problem into multi-
ple binary classification problems, which can be solved individually by using common binary classifiers
[Loza Mencia, 2012, Read et al., 2011]. The single-class predictions, which are obtained from the binary
classifiers, can finally be transformed into multi-label predictions in order to solve the original multi-
label classification task [Read et al., 2011]. In the following the most common problem transformation
methods are discussed:

* Binary Relevance: This is the most common representative of problem transformation methods
for solving multi-label classification tasks. It is based on learning a binary classifier for predicting
the presence of each label of the original multi-label classification problem. Therefore, a multi-
label problem with n labels is decomposed into n binary subproblems [Loza Mencia, 2012, Read
et al., 2011]. In order to use the trained binary classifiers to determine the label vector of a yet
unknown test instance, the predictions of all of these classifiers have to be queried. As the outcome
of each classifier predicts the presence or absence of the corresponding label, the predictions can
be transformed into a label vector, which specifies the labels that are assumed to be associated with
the given instance.

* Pairwise Decomposition: This approach has originally been designed for multi-label ranking
(which is not part of this work), but can also be applied as a problem transformation method
for solving multi-label problems [Fiirnkranz et al., 2008, Read et al., 2011]. As it is based on
learning a binary classifier for each pair of labels, the original problem is decomposed into @

subtasks. In order to predict the labels, which are relevant to a test instance, the predictions of all
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binary classifiers must be obtained. Each of the obtained predictions can be interpreted as a vote
for one of the two corresponding labels [Loza Mencia, 2012]. By aggregating all obtained predic-
tions, the labels can be sorted by their relevance to the given test instance. Finally, by applying a
threshold, the labels, which should be included in the final multi-label prediction, can be separated
from those, which should not be included.

* Label Powerset: When using this problem transformation method, each possible label set is con-
sidered as a separate class. Given n labels, 2" potential label combinations exist. Therefore an
original multi-label classification problem is transformed into a multi-class classification task with
2™ classes. The meta classification task can either be solved by using a common multi-class clas-
sifier or by further decomposing it into binary classification problems [Loza Mencia, 2012, Read
et al., 2011]. In order to classify a test instance, the label set that corresponds to the class, which
is predicted by the meta classifier, is used as the resulting multi-label prediction.

Because the number of meta classifiers, which have to be trained, when using the pairwise decomposition
or the label powerset method, grows drastically with increasing number of labels, both approaches suffer
from bad computational complexity, if applied to data sets with a large number of labels [Read et al.,
2011]. In contrast, the binary relevance method is able to handle data sets with a large number of
labels. However, it is not able to expose correlations between labels, as it will be discussed in Section
2.1.2 below.

2.1.2 Label Dependencies

When using the binary relevance method (cf. Section 2.1.1) for solving a multi-label classification prob-
lem, a binary classifier is trained per label and therefore the labels are implicitly considered to be inde-
pendent from each other. However, this assumption does not hold for most data sets and it has been
shown, that approaches, which are able to exploit dependencies between labels, may benefit from an
enhanced classification performance [Dembczynski et al., 2012, Loza Mencia, 2012, Loza Mencia and
Janssen, 2015, Read et al., 2011]. For example, imagine a multi-label data set with labels that represent
topics of newspaper articles. Given a label A, referring to the topic “politics”, and another label A, re-
ferring to its subtopic “foreign affairs”, it is obvious, that there is a dependency between both labels. I.e.,
if an instance is associated with A, this implies that label A, is present as well (cf. Loza Mencia [2012],
Loza Mencia and Janssen [2015]). Unlike the binary relevance method, the label powerset method (cf.
Section 2.1.1) is able to model such label dependencies. Nevertheless, it suffers from an exponential
computational complexity, depending on the number of labels, and from a tendency towards overfitting.
This is due to the fact, that only label sets, which occur in the training data set, are included in the
deduced model [Read et al., 2011].

According to Dembczynski et al. [2012], two types of label correlations can be distinguished — namely
conditional and unconditional (or marginal) dependencies. Whereas unconditional dependencies do not
rely on specific instances, conditional dependencies do depend on the attributes of certain instances
[Dembczynski et al., 2012, Loza Mencia, 2012, Loza Mencia and Janssen, 2015]. For example, the
dependency between the labels A, and A, used in the previously mentioned scenario, is unconditional
[Loza Mencia, 2012, Loza Mencia and Janssen, 2015]. When additionally taking into consideration the
newspaper article, a specific instance of the data set corresponds to, the probability for the labels to
be present has to be assessed differently: On the one hand, if the article’s topic is strongly related to
politics, the conditional probability for both labels — as well as for the dependency between them - to be
present increases. On the other hand, if the article is not directly related to politics (e.g. an article about
fashion), both labels are very unlikely to be relevant to the given instance and they can be considered
to be conditionally independent, since the probability for one label to be present is independent of the
presence of the other label (cf. Loza Mencia [2012], Loza Mencia and Janssen [2015]).
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2.2 Inductive Rule Learning

As the aim of the work at hand is to present a rule learning algorithm, the fundamentals of this machine
learning discipline are introduced in this section. The individual rules, which are learned by a rule
learning algorithm, consist of a body, as well as of a head. The following syntax, where the head is
denoted as ¥ and the body corresponds to B, is used throughout the remainder of this work (cf. Janssen
[2012], Loza Mencia and Janssen [2015]):

"

Y «<B

The body of a rule contains one or several conditions, which are used to determine the instances, the
rule applies on. These instances are said to be “covered” by the rule (cf. Janssen [2012]). Similar to the
publication by Loza Mencia and Janssen [2015], only conjunctive, propositional rules, whose conditions
are concatenated using logical AND (A) operations, are considered in this work. The conditions of a
propositional rule are tests on the instances’ values, as defined in Equation 2.1. For nominal attributes,
equality (A, = ¢;) or inequality tests (A, # c;) are used. For numerical attributes, relational tests
(A < cx, Ax < ¢k, Ap > ¢ or A, > ¢;) are available as well [Fiirnkranz, 1999, Janssen, 2012]. Note, that
conditions, which perform equality or inequality checks on nominal attributes, are often abbreviated
using the notation c;, respectively —c;, in the remainder of this work. The head of a rule specifies
the classes, which should be associated with the instances it covers. In case of binary or multi-class
classification problems, the head contains a single predictive class attribute (y; = 0 or y; = 1), which
specifies the presence (1) or absence (0) of the corresponding class A; [Janssen, 2012]. Similar to the
shorthand notation, which is used for denoting tests on nominal attributes, predictive class attributes
are often abbreviated using the syntax y; for denoting the presence, respectively —§; for denoting the
absence, of a class.

Head Body Example
positive label-independent Bi e
negative Y1 < A
Single-Label Head Rules pos1t1y ¢ partially label-dependent )Als can ﬁylAA yzA
negative TY3 < ATy A Yo
pos1t1y © fully label-dependent v TN " 2
negative V3 V1A T
sparse label-independent Yo anehe
dense Vi, 7Y, Y3 i A Ay
Multi-Label Head Rules sparse partially label-dependent | Y 3 V4 i_ AN AAy z
dense Y3, Y4, Y5 < G ATYIA Y
Sparse fully label-dependent NECCANN ﬂyl/\ y2
dense Y3, V4 Vs < V1 AT

Table 2: Different types of multi-label rules [Loza Mencia and Janssen, 2015, Table 1]

When inducing rules for handling multi-label classification problems, — depending on the learner’s im-
plementation - it is possible to include label conditions in the body of a rule [Loza Mencia and Janssen,
2015, Malerba et al., 1997]. In contrast to label-independent rules, such rules allow to expose correla-
tions between labels, as discussed in Section 2.1.2 [Loza Mencia and Janssen, 2015]. If a rule’s body
exclusively consists of label conditions, it is considered to be fully label-dependent. Alternatively, if the
body contains label conditions, as well as regular attribute-value tests, the rule is said to be partially
label-dependent. Furthermore, individual rules may also contain several label assignments in their heads
[Loza Mencia and Janssen, 2015]. In contrast to single-label head rules, such rules are referred to as
multi-label head rules. In Table 2 different types of conjunctive rules for multi-label classification are
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shown. Whereas the algorithm, which has been proposed by Loza Mencia and Janssen [2015], focuses
on inducing single-label head rules, the algorithm, which is presented in this work, aims at learning
multi-label head rules as well. Due to the additional expressiveness of such multi-label head rules, it
is hoped, that the resulting model is able to better illustrate label correlations. Global dependencies
between labels (cf. Section 2.1.2) are best described by using fully label-dependent single-label, respec-
tively multi-label, head rules. Local dependencies can be described by using partially label-dependent
bodies instead [Loza Mencia and Janssen, 2015]. Another criterion for categorizing multi-label rules
is, whether the presence (denoted as y; in Table 2) or absence (denoted as —J; in Table 2) of labels
is used in a rule’s body or head. Because labels tend to appear relatively infrequently, it is common to
only predict the presence of labels and therefore focus on learning rules with positive label conditions in
their head. In case of multi-label head rules, such rules are also referred to as sparse. Nevertheless, in
some scenarios, it might be beneficial to learn negative, respectively dense, rules, for which reason the
algorithm, which is proposed in this work — such as its counterpart by Loza Mencia and Janssen [2015]
-, is able to induce such rules. Moreover, using conditions, which test the absence of labels, in the body
of a fully or partially label-dependent rule, enables to model exclusions in addition to implications and
subsumptions.

2.2.1 Separate-and-Conquer Rule Learning

Usually, multiple rules must be learned in order to be able to cover all training examples of the same
class (completeness), without covering any of those, that are associated with other classes (consistency)
[Flirnkranz, 1999]. In such case, the resulting rules r = (ry,...,r,) € R are united as a rule set R, which
represents the learned model [Loza Mencia and Janssen, 2015]. A widely used strategy for learning rule
sets is to use separate-and-conquer rule learning algorithms [Fiirnkranz, 1999, Janssen, 2012, Janssen
and Fiirnkranz, 2010]. As pointed out by Fiirnkranz [1999], all of these algorithms share the same basic
structure, which is shown in Algorithm 1 below.

Require: Training data set T = (X1, Y1), ..., X, Y1)
class attribute ; € {0, 1}, evaluation function &

R=0 > Initialize empty decision list
while geTPosiTives(T, §;) # 0 do > Learn additional rules until no positive examples remain
(7, Teopered) = FINDBESTRULE(T, ¥;, &)
R=RUT > Add learned rule to decision list
T=T\T.opered > Remove covered examples from training data set

return decision list R

Algorithm 1: The basic structure of an iterative separate-and-conquer rule learning algorithm for solving
binary classification problems (cf. [Flirnkranz, 1999, Figure 3])

Each separate-and-conquer rule learning algorithm starts with an empty rule set R [Fiirnkranz, 1999,
Janssen, 2012, Janssen and Fiirnkranz, 2010]. As the rules, which are added to the rule set during the
execution of the algorithm, are induced successively, it is also referred to as a decision list (cf. Janssen
[2012], Janssen and Fiirnkranz [2010]). According to Algorithm 1, the algorithm takes the training data
set T, as well as a class attribute (y; = 0 or J; = 1) and an evaluation function 6 as arguments. The class
attribute y; specifies the prediction — i.e. the heads — of the rules, which are induced by the algorithm.
Additional rules are learned iteratively by using the subroutine FINDBESTRULE. Whenever a new rule is
learned, it is added to the decision list and the training examples, which are covered by the rule, are
removed from the original training data set. The induction of new rules is continued until all examples
in T, for which the class attribute y; is true, are covered [Fiirnkranz, 1999]. In order to classify a test
example, the rules of the learned decision list are processed in order of their induction. The head of the
first rule, which covers the respective example, is used for predicting its class.
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Require: Training data set T, class attribute y;, evaluation function &

r=3,<0 > Start with most general rule
Thest =T
Tcovered =T
while GETNEGATIVES (T, yered> ¥i) 7 0 do > Refine rule as long as any negatives are covered
for each possible condition ¢ do
Trefined-body U ¢ > Add condition to rule’s body

if EVALUATERULE(T ¢ fined> T 0) > EVALUATERULE (75, T, 6) then
Tbest = Trefined
" = Tpest
T.overeda = GETCOVERED(r, T)
return best rule r, covered training examples T., ¢ eq

Algorithm 2: Algorithm FiNDBESTRULE for inducing a rule, based on the current data set (cf. [Firnkranz,
1999, Figure 3])

According to Algorithm 2, whenever a new rule is about to be induced, it is initialized with an empty
body and therefore initially covers all of the training examples. As long as a rule still covers examples,
for which the class prediction y; is wrong, the rule is specialized by adding additional conditions to its
body [Fiirnkranz, 1999, Janssen, 2012, Janssen and Fiirnkranz, 2010]. This results in fewer examples
being covered by the rule. The possible conditions are attribute-value tests, made up from all available
attributes and their corresponding values, as present in the training data set [Fiirnkranz, 1999]. Among
all refinements of the original rule, the one, which optimizes the given evaluation function 6 - e.g.
the percentage of correctly classified examples among all covered examples —, is considered to be the
best choice [Fiirnkranz, 1999, Janssen, 2012, Janssen and Fiirnkranz, 2010]. In Section 2.3.3 several
evaluation functions, which are relevant to the present work, are introduced. Finally, the subroutine
FINDBESTRULE returns the induced rule in order to add it to the decision list and causing all training
examples it covers to be removed from the current training data set, before the separate-and-conquer
algorithm continues with the next iteration.

In order to prevent overfitting — a situation where the learned model just reflects the given training
examples and does not generalize on unseen data [Janssen, 2012] —, the completeness and consistency
constraints are usually relaxed. By either stopping the refinement of rules according to some stopping
criterion (pre-pruning), or by post-processing the induced rules (post-pruning), the inclusion of too spe-
cific rules into the decision list can be avoided. This results in learning a more compact model, which is
neither complete, nor consistent, but is expected to be more predictive on yet unknown test examples
[Flirnkranz, 1999]. Moreover, it is also possible to use a bottom-up strategy, instead of the top-down
search, which is given in Algorithm 1. When using such a strategy, each new rule is initialized to
cover exactly one of the given training examples. In order to cover additional examples, it is iteratively
generalized by removing conditions from its body [Fiirnkranz, 1999, Janssen, 2012].

2.2.2 Class Binarization

By default, the separate-and-conquer algorithm, which is discussed in Section 2.2.1, can only be used
for handling binary classification problems. This is, because it is only able to discriminate between two
classes. Given such a binary classification task, the less frequent of both available classes is usually used
as the target class for rule induction using the algorithm. When classifying an unknown test example
using the learned model, all rules of the decision list are applied to the example successively. As soon as
the first rule covers the example, its head is used for predicting the associated class. The remaining rules
must not be processed any further. If none of the decision list’s rules covers the test example, a default
rule applies, predicting the more frequent class, no rules have been learned for [Janssen and Fiirnkranz,
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2010]. In order to be able to handle multi-class classification problems by using the discussed algorithm,
class binarization is usually used [Flirnkranz, 2002, Janssen and Fiirnkranz, 2010]. The most common
binarization techniques are discussed in the following:

* (Unordered) 1-vs-all Class Binarization: Given n predefined classes A, ..., A,, when using this
binarization technique, a multi-class classification problem is decomposed into n binary subprob-
lems. As the classes are not ordered in any way, this method is considered to be “unordered”. For
each class A;, the separate-and-conquer algorithm given in Algorithm 1 is executed using the class
argument y; = 1. This causes the rules, which are induced by each meta classifier, to cover the
examples, which are associated with the current class A;, while considering all other examples as
negatives. Finally, all learned rules are included in a joint rule set, which is used as a model for
the original multi-class classification problem. Because the subproblems are solved in an undeter-
mined order, the rules in the resulting rule set are unordered and contradictive rules — i.e. rules
that predict different classes for the same test example — may exist. As a result, when classifying
an unseen example, all covering rules must be taken into consideration and conflicts have to be
resolved by using some kind of voting mechanism.

* Ordered 1-vs-all Class Binarization: This binarization technique is very similar to unordered
1-vs-all class binarization, as described above, except that the classes are ordered by ascending
frequency. At first the separate-and-conquer algorithm is applied to the whole training data set,
considering the examples of the least frequent class A; to be positives and those of the remaining
classes A,,...A, to be negatives. Afterwards, all training examples, which are associated with the
already considered class A;, are removed from the data set and the procedure is continued by
using the second-least frequent class A, as the target class for applying the separate-and-conquer
algorithm again. Finally, the rules, which have been learned for each subproblem, are united in an
ordered rule set. For predicting the most frequent class, a default rule can be used. Hence no rules,
which cover that particular class, must be learned explicitly.

* Pairwise Class Binarization: As its name indicates, this binarization method is based on train-
ing a classifier for each pair of classes, while leaving out the training examples, which are not
associated with either of both classes [Fiirnkranz, 2002, Janssen, 2012]. As a result, an original
multi-class classification problem with n classes is decomposed into @ subproblems [Janssen,

2012]. Although way more iterations are necessary to solve a classification task that way, it has

been shown, that this approach can outperform 1-v-all binarization variants, when implemented

efficiently [Fiirnkranz, 2002]. The predictions of the trained classifiers can be considered as a vote
for one of the two corresponding classes. Therefore, when classifying an unknown test example,
the predictions of all classifiers have to be obtained and must be transformed into a multi-class

prediction by utilizing a voting mechanism [Fiirnkranz, 2002].

By using one of the previously discussed binarization techniques, the basic separate-and-conquer al-
gorithm, which is given in Algorithm 1, can flexibly be adapted for handling multi-class classification
problems. However, a different approach for performing binarization is needed in case of multi-label
classification. Due to its relevance to the present work, the particular binarization strategy, which has
been elaborated by Loza Mencia and Janssen [2015] as part of their work, is discussed in the following
section.

2.2.3 An Algorithm for Multi-Label Rule Learning

In this section the algorithm, the present work is based on, is discussed in detail. Both, the original
algorithm, as well as the modified version presented in this work, share some similarities and under-
standing the operation of the original approach is crucial for the remainder of this work. If not marked
differently, all information given in this section is taken from the publication by Loza Mencia and Janssen
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[2015], the original algorithm has been proposed in for the first time. Said algorithm allows to induce
single-label head rules as shown in Table 2 at the beginning of Section 2.2. As it was designed with
the fundamentals of separate-and-conquer rule learning algorithms in mind, it is based on the struc-
ture previously discussed in Section 2.2.1. However, there are some differences when compared to
separate-and-conquer algorithms for solving binary or multi-class classification tasks:

* Multi-Label Decision Lists: The algorithm learns a model in form of a decision list — i.e. for
classification, the induced rules must be processed in a determinate order. When using a decision
list for single-class classification, as previously discussed in Section 2.2.1, the prediction of the first
covering rule is used and all other rules must not be taken into consideration. However, in multi-
label classification using single-label head rules, the predicted label vector of a test example must
be composed of multiple rules’ predictions, because each rule does only predict the presence or
absence of a single label. As a result, in such case, the classification process is not stopped when
an example is covered by a rule unless all of the example’s labels are already predicted. Labels,
which remain unset after processing all rules, are considered to be irrelevant. This corresponds
to the concept of default rules, which is used when learning traditional decision lists for binary
and multi-class classification. If a particular label is predicted differently by multiple rules, the
prediction of the first covering rule is assumed to be the correct one and its prediction cannot be
revoked by other rules afterwards. Additionally, it is possible to mark individual rules as stopping
rules. Whenever such a rule is encountered, the classification of the current test example is stopped.
This may be useful to prevent the prediction of too many relevant labels and is discussed in a more
detailed manner in the course of this section.

* Re-inclusion of Training Examples: All separate-and-conquer rule learning algorithms are based
on iteratively removing covered examples from the training data set once a new rule is induced.
However, the algorithm, which is discussed in this section, uses a more complex strategy for re-
moving training examples. This is, because usually multiple single-label head rules have to be
learned in order to be able to model an example’s full label vector. Consequently, even if a training
example is already covered by an induced rule, it must be retained for learning additional rules.
Only when the labels, which are associated with an example, are covered to at least some extent,
the respective example can be removed from the training data set.

Algorithm 3 illustrates how a multi-label decision list is learned in order to model the label assignments
of a training data set T. According to Equation 2.2, each entry of the data set is a tuple, consisting of
an instance X; and a corresponding label vector Y;. Instead of exposing the true label vectors to the
training algorithm, a copy T.,,r.n; Of the given data set, with all labels set to be unknown, is created
initially (cf. Algorithm 3, line 2). After a new rule has been induced by the algorithm, the label, which
is predicted by the new rule, is added to the initially empty data set. The labels, which are marked as
already predicted, can be used in later iterations of the algorithm for learning label-dependent rules as
shown in Table 2. Besides the training data set, Algorithm 3, also takes targets G as a parameter. Targets
allow to specify, whether the induced rules should only predict the presence of labels (if G = {1}), or if
rules are also allowed to predict the absence of labels (if G = {0, 1}). In each of the algorithm’s iterations
the subroutine FINDBESTGLOBALRULE is used to learn a new single-label head rule, covering some of the
training examples left in the current data set. The newly learned rule is then added to the decision list
and the examples it covers are either removed or re-included into the learning process, depending on
the results of the subroutines GeTCoveREDSETS and GETREADDSET. The re-inclusion of training examples
depends on the parameter 7, as well as on whether stopping rules should be used and whether examples,
whose label vectors are fully predicted by already induced rules, should be re-added. The induction of
additional rules is continued until only 0 examples are left in the data set. Finally, the decision list R is
returned. It contains all rules, which have been induced during the algorithm’s execution, and represent
the learned model.
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Require: Training data set T = (X1, Y1), ..., X, Y1)
parameters 6, T, evaluation function &, targets G (either G = {1} or G ={0,1}),
whether using stopping rules, whether re-inserting fully covered examples

R=10 > Initialize empty multi-label decision list
Tewrrent = (X1, Y1), e, X, V) With X; € T and ¥; = (2,..., ?), j = 1..m
while |T|/m > 6 do > Until, e.g., 95% of examples covered
r = FINDBESTGLOBALRULE(T, T,y rent> G, 0) > Get best possible rule regardless the head
R=RUTr > Add rule to decision list
(T, Tpare»> Trui) =GETCOVEREDSETS(T, Ty rene> ) > Separate T according covering by r
Tq4q = GETREADDSET(Tyqr¢s Trur) > Depending on user parameters
if T,4q = 0 then
mark r as stopping rule > Only uncovered examples in T of next round
else
T=TUT,q4 > Add also some covered examples, do not remove them

return multi-label decision list R

Algorithm 3: Separate-and-conquer algorithm for learning single-label head rules [Loza Mencia and
Janssen, 2015, Fig. 3]

The subroutine FINDBESTGLOBALRULE, which is shown in Algorithm 4, is used to induce a new single-
label head rule in each one of the algorithm’s iterations. It first learns a rule for each label and target
and finally chooses the best rule among all labels, according to a performance measurement using the
evaluation function 6 and the true label vectors of the original training data set. In order to search for the
best rule given a particular label-target combination, the subroutine rFINDBESTRULE may be implemented
as a top-down or bottom-up search similar to the example shown in Algorithm 2. Due to the re-inclusion
of training examples, the same training examples may be used in subsequent iterations of the algorithm.
Without proper handling of such cases, the same rule as before would be returned by the subroutine
FINDBESTRULE, resulting in the training data set to not be altered for the next iteration either. In order
to prevent such infinite loops, training examples, for which the current label is marked to be already
predicted in T, .n¢, are not exposed to the subroutine FINDBESTRULE.

Require: Original training data set T, current training data set T, ent»
targets G, evaluation function &

Thest :0(_0

for each possible label attribute y; € G do > Find best rule for each label and target
T; = T\ all X; where Y; € T, .n, is already set > Remove examples with label already predicted
(1, T.opereq) = FINDBESTRULE(T;, ¥;, 6) > Find best body for target y; € G

if EVvALUATERULE(T, T;, &) > EVALUATERULE (T}, T;, ) then
Thest =T > Replace by better rule

return best rule ry,,

Algorithm 4: Algorithm riINDBEsTGLOBALRULE for inducing a single-label head rule, based on the current
data set [Loza Mencia and Janssen, 2015, Fig. 4]

Whenever a new rule is learned, the subroutines GETCoverREDSETS and GETREADDSET are used in order to
decide, whether the examples, which are covered by the rule, should be removed from the training data
set, or re-added instead. The subroutine GETCOVEREDSETS, as shown in Algorithm 5, updates the labels,
which are predicted by a newly learned rule, in the data set T.,,,.,, and removes all covered examples
from the original training data set T. Depending on whether their label vectors are partially or fully set,
the instances are either added to the data set T,,q, Or Ty ;-
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Require: Original training data set T, current training data set T, rule r

current»
Tpart = 0: Tfull =0
for each example (X;,Y;) € GETCOVERED(T, T¢yyren,) dO > Compute covering status for each example
apply r.head on Y; > Add prediction of r to corresponding label vector in T,
if Y; is fully set then
Trur = Trun U (X}, Y))
else
Tpart = Tpart U (Xja Y])
T=T\(X,,Y)) > Remove example; maybe it is re-added later
return uncovered examples T, partially covered examples T,,, fully covered examples T,

urrent

Algorithm 5: Algorithm GeTCoveREDSETS for computing the examples, which are partially or fully covered
by a given rule [Loza Mencia and Janssen, 2015, Fig. 5]

Based on the data sets Ty,;; and T, which are returned by the subroutine ceTCoverepSETS, the algo-
rithm GeTREADDSETS decides, whether previously removed examples should be re-added to the training
data set T, or not. As it can be seen in Algorithm 6, this decision strongly depends on the algorithm’s in-
put parameters. If no stopping rules should be used, only partially covered examples are re-inserted into
the training process, whereas all fully covered examples are removed. However, it might be desirable to
leave the fully covered examples in the training process, since they may be beneficial for the induction
of further rules. The possibility of retaining fully covered examples in the training data set is considered,
if the percentage of fully covered examples among all covered examples is less than a given parameter
(usually close to 1). In such case, all partially and fully covered examples are re-added and the recently
learned rule is marked as a stopping rule. Instead, if the required percentage is not reached yet, only the
partially covered examples are retained in the training process.

Require: Partially and fully covered examples T,,,., Tf,;;, parameter ©
whether using stopping rules, whether re-inserting fully covered examples

Taaq =9
if use stopping rules then
if full coverage rate | T, |/(|Tfyi| + | Tpare]) = 7 then > E.g. 90%
Toqqa =9 > Do not re-add any example although T, T, are not empty
else > Too many partially covered examples
Tagqa = Tpare > Re-add partially covered examples
if re-insert fully covered examples then
Tagq = Taaa Y Trun > Re-add also fully covered examples
else
Tagq = Tpart > No stopping rules: re-add partially covered examples

return examples T, 4, to be re-added

Algorithm 6: Algorithm GeTREADDSET for deciding, whether examples should be re-added to the training
data set depending on their covering status, or not [Loza Mencia and Janssen, 2015, Fig. 6]

In order to predict the labels of an unknown test example, the rules, which are contained in a learned
multi-label decision list, are applied to the test example successively. Algorithm 7 illustrates how the
predicted label vector is constructed by applying the heads of a decision list’s rules. The rules are
processed in the order of induction. On the one hand, this is necessary with respect to stopping rules,
which cause the prediction to be stopped prematurely in order to prevent too many labels from being
predicted as relevant. On the other hand, this ensures, that the labels, which are contained in the bodies
of label-dependent rules, are already applied to the test example.
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Require: Test example X, multi-label decision list R

VY =(,..2?)
for each rule r in decision list R do > Apply rules in the order of induction
if r covers X then
apply head of r on Y if corresponding value in ¥ is unset
if r is marked as stopping rule or ¥ is complete then
assume all remaining labels in ¥ to be irrelevant
return prediction ¥
assume all remaining labels in ¥ to be irrelevant
return prediction ¥

Algorithm 7: Algorithm for predicting the label vector of a test example, based on the rules of a multi-
label decision list [Loza Mencia and Janssen, 2015, Fig. 7]

According to Algorithm 7 — unless a stopping rule is encountered —, the prediction of a test example’s
label vector is continued until no rules remain in the decision list or until all labels of the test example
are already predicted. Labels, which remain unset after the prediction process is finished, are assumed
to be irrelevant.

2.3 Multi-Label Evaluation Metrics

For evaluating the quality of multi-label classifications, different evaluation methods than those that
are traditionally used in case of single-class data, are required [Loza Mencia, 2012, Maimon and
Rokach, 2005]. For this reason, various measures already known from multi-class classification have
been adopted [Loza Mencia, 2012]. In this section, a selection of metrics, which are relevant to the
remainder of this work, are discussed. In general, two types of evaluation metrics can be distinguished:
i) bipartition and ii) ranking measures [Loza Mencia, 2012, Maimon and Rokach, 2005]. As label-ranking
approaches are not part of the present work, the latter are not considered in this section.

2.3.1 Bipartition Evaluation Functions

Bipartition evaluation functions are based on evaluating the differences between true label vectors —
also referred to as the ground truth (cf. [Maimon and Rokach, 2005]) — and predicted label vectors
[Maimon and Rokach, 2005]. Usually, bipartition evaluation metrics can be considered as functions on
two-dimensional confusion matrices [Koyejo et al., 2015, Loza Mencia and Janssen, 2015]. The elements
of such a confusion matrix represent the true positives (TP), false positives (FP), true negatives (TN) and
false negatives (FN) of a prediction [Koyejo et al., 2015, Loza Mencia, 2012]. Relevant labels are counted
as true positives, if they have been set correctly, respectively as false negatives, if they have not been
set despite their relevance. Accordingly, irrelevant labels are counted as true negatives, if they have not
been set by a prediction, or as false positives, if they have been set mistakenly. Equation 2.5, which is
discussed in the following, shows how the elements of a binary confusion matrix are computed in detail.
Moreover, in Table 3 the structure of a two-dimensional confusion matrix is illustrated.

C | predicted not predicted
relevant TP FN
irrelevant FP TN

Table 3: The structure of a two-dimensional confusion matrix, consisting of true positives (TP), false posi-
tives (FP), true negatives (TN) and false negatives (FN) [Loza Mencia, 2012, Section 2.7.3]
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For a given instance X; and a label 4;, the elements of an atomic confusion matrix Ci] are computed
as shown in Equation 2.5 below [Loza Mencia, 2012]. The variables y; and y;, which are used in said
equation, denote the presence (1) or absence (0) of the label A; in the true label vector, respectively in
the predicted one.

1 : 1 :
0, otherwise 0, otherwise
(2.5)
0, otherwise P 0, otherwise

In the remainder of this work, the number of all relevant and irrelevant labels, which are contained in
a confusion matrix, are denoted as P, respectively N. Accordingly, the number of all labels, which are
assumed to be relevant by a prediction, is denotated as p, whereas n refers to the number of labels,
which are predicted to be irrelevant.

P:=TP+FN N =FP+TN
(2.6)
p=TP+FP n:=TN+FN

2.3.2 Aggregation and Averaging

When using bipartition functions for evaluating multi-label predictions, which have been made for m
instances with n predefined labels being available, m - n atomic confusion matrices can be computed
according to the definition of true positives, false positives, true negatives and false negatives given in
Equation 2.5 [Loza Mencia, 2012]. However, these individual matrices are not well suited for rating
the quality a previously learned model or a single rule. In order to overcome this deficiency, a sin-
gle score must be calculated by aggregating the confusion matrices, which have been obtained using
a bipartition evaluation function §, according to one of the following strategies: i) Micro-averaging is
based on aggregating all available information at first and applying the evaluation function afterwards.
ii) Macro-averaging refers to applying the evaluation function on each available piece of information
individually and finally aggregating the results [Loza Mencia, 2012]. When using macro-averaging, an
example- or label-based evaluation is possible. The former is based on averaging evaluations, which have
been computed per example. When using the latter, evaluation metrics are calculated for individual la-
bels instead [Maimon and Rokach, 2005]. In favor of formally defining the different averaging strategies
in a mathematical way, the following two operators for aggregating, respectively averaging, a sequence
of confusion matrices C; = (Cy, ..., C,) are declared (cf. [Loza Mencia, 2012]). The @ symbol, which is
used in the equations below, refers to the cell-wise addition of multiple confusion matrices’ elements.

(2.7)

Using the aggregation and averaging operators given in Equation 2.7, the different averaging strategies,
which are available for evaluating multi-label predictions, can be defined as follows. The variable i is
used to iterate over all available labels A,,...A4,,, whereas the variable j iterates over all of the data set’s
examples (X, Y7), ..., X, Vin)-
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* (Label and Example-based) Micro-Averaging: A global confusion matrix is computed by adding
up the true positives, false positives, true negatives and false negatives of each example and la-
bel. Finally, a single score is calculated by applying the evaluation function 6 on the aggregated
confusion matrix [Koyejo et al., 2015]. The label-, respectively example-wise, aggregation is com-
mutative, i.e. iterating over the examples at first is computationally equal to first iterating over the
labels [Loza Mencia, 2012].

5(226{)55(22@) (2.8)

j i

* Example-based (Macro-)Averaging: At first one confusion matrix is calculated per example by
adding up the true positives, false positives, true negatives and false negatives of each label.
Applying the evaluation function 6 on each obtained confusion matrix afterwards results in m
individual values, i.e. one value per example. By calculating the arithmetic mean of these values,
the final score is obtained [Koyejo et al., 2015].

avgs (Z c/ ) (2.9)
J i

* Label-based (Macro-)Averaging: One confusion matrix is computed per label by aggregating the
true positives, false positives, true negatives and false negatives of each example. By applying the
evaluation function on each of the obtained confusion matrices, one value is calculated per label.
Finally, the arithmetic mean of all of these values is computed in order to obtain the overall score

[Koyejo et al., 2015].
avg s (Z Cj) (2.10)
t J

* (Label- and Example-based) Macro-Averaging: At first the evaluation function 6 is applied to
each atomic confusion matrix, computed as shown in Equation 2.5 for each example and label.
Afterwards, the final score is calculated by computing both the label- and example-wise arithmetic
mean of all values, which have been obtained this way. Calculating the mean of the obtained values
is commutative, i.e. iterating over the examples at first is computationally equal to first iterating
over the labels [Loza Mencia, 2012].

avgavg 5 (C!) = avgavgs (C)) (2.11)
i i

When using micro-averaging, examples with a large number of associated labels have a greater influence
on the overall performance than those, which are associated with few labels. In contrast, using example-
based averaging causes all examples, regardless of their labels, to be weighted equally. Accordingly, when
evaluating predictions by using macro-averaging, labels that are associated with many instances have a
greater influence than those that only occur sporadically. If each label should be taken into account
equally, label-based averaging can be used instead [Loza Mencia, 2012].

In the remainder of this work the following short-hand notation is used in order to specify the av-
eraging technique, which is used together with a particular bipartition evaluation function 6. When
using micro-averaging, the evaluation function is referred to as 6,,,. Accordingly, the usage of macro-
averaging is denotated as 0,;,, and example- or label-based averaging correspond to the notation 0,,,,
respectively &,,,,- The two-digit indices, which are used in this notation, specify whether micro- (m) or
macro-averaging (M) is used for the example-, respectively label-wise aggregation of confusion matrices.
The first symbol refers to the example-wise aggregation, the second one denotes the strategy, which is
used for label-wise aggregation, accordingly.
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2.3.3 Selected Evaluation Functions

Regardless of the used averaging strategy, choosing an appropriate evaluation function 6 for calculating
comparable scores is crucial for evaluating multi-label predictions. Such functions are also often referred
to as heuristics (cf. Janssen [2012]). In this section, various types of evaluation functions are introduced.
All of them are further examined in Section 5. Moreover, they are used in order to statistically evaluate
the predictive performance of the algorithm, which is proposed in this work, in Section 6. The evaluation
functions, which are presented in the following, are defined in terms of true positives, false positives, true
negatives and false negatives of a confusion matrix according to the definitions and notations previously
given in Section 2.3.1. All of them are surjections N**2 — R, mapping the confusion matrix, which
characterizes a rule’s prediction, to a heuristic value h € [0, 1]. As rules, which reach a higher value, are
considered to outperform those with lower values, the used metrics are referred to as gain metrics.

* Precision: Like most evaluation functions, which are discussed in this section, precision is a well-
known metric in the area of binary and multi-class classification [Janssen, 2012, Janssen and
Flirnkranz, 2010, Maimon and Rokach, 2005]. Besides that, it can also be used for evaluating
multi-label predictions by calculating the percentage of correct predictions among all predicted
labels. It is defined according to the following equation [Koyejo et al., 2015, Loza Mencia, 2012]:

TP TP
5prec B —— -
TP+FP  p

(2.12)

* Recall: This evaluation function is used to measure the percentage of labels, which are assumed to
be relevant by a prediction, among all relevant labels according to the ground truth. It is defined
as follows [Loza Mencia, 2012]:

TP TP
5rec = T onr I
TP+FN P

(2.13)

* Hamming Accuracy: This is another evaluation function already known from binary and multi-
class classification, where it is traditionally referred to as “Accuracy” [Janssen and Fiirnkranz,
2010]. When being used for evaluating multi-label predictions, it calculates the percentage of
correctly predicted relevant and irrelevant labels among all labels and is defined according to the
equation below:

TP+ TN TP+ TN
5 = = 2.14
hamm *™ Tp L FP + TN + FN P+N (2.14)

Hamming accuracy as used in this work is strongly related to the hamming loss metric, which
computes the percentage of misclassified labels as shown below. Whereas hamming loss is used to
compute an error, hamming accuracy is equal to 1 — Op4mmioss and therefore is the corresponding
gain metric [Koyejo et al., 2015]. As opposed to gain metrics, which must be maximized by a
classifier in order to achieve a better predictive performance, loss metrics must be minimized.

5 _ FP+FN __FP+FN 2.15)
hammloss ™= op L Fp L TN+FN ~ P+N '

In the present work, hamming accuracy is preferred over hamming loss, because of its accor-
dance with all other used performance measures, which are gain metrics as well.
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* F-Measure: As shown in Equation 2.16 below, the F-Measure is defined as the harmonic mean of
precision and recall. The parameter 3 € [0, oo ] allows to trade off between precision and recall. If
P < 1, precision has a greater impact on the measured performance. If § > 1, the metric becomes
more recall-oriented instead [Chinchor, 1992, Sasaki, 2007].

(ﬂ2+1)'5prec'5rec _ ﬂ2+1

B2
B> 5prec + 6rec b + 1
6r€c 5prec

Op = (2.16)

A commonly used variant of the F-Measure is the one that weights precision and recall equally
by setting f = 1. It is often referred to as the “F1-Measure” and calculates as follows [Sasaki,
20071:

_ 2 5prec ' 5rec _ 2

Op 1= =
F1 *
6, ...+0 1 1
prec rec 57‘6C + 5}77‘66

(2.17)

* Subset Accuracy: This metric is slightly different from all other evaluation functions, which are
mentioned in this section, as it is only defined in terms of example-based averaging. It is based
on comparing the predicted and true label vectors 171 and Y; of each example X;. If the label
attributes of both vectors do exactly match, the performance for an individual example evaluates
to 1. If the vectors differ in at least one label attribute, the performance is measured as O instead
[Loza Mencia, 2012, Loza Mencia and Janssen, 2015, Zhu et al., 2005]. When calculating the
mean of the performances, which have been obtained for all m examples of a data set, as denoted
by Equation 2.18 below, subset accuracy corresponds to the percentage of perfectly predicted label
vectors among all examples [Loza Mencia, 2012].

1< N 1, if x is true
O, 1= — Y.=Y.], with [x] = 2.18
“m ;[ =Y [x] {0, otherwise (2.18)

The notation, which uses square brackets for denoting the conversion of boolean expressions into
integer values 0 or 1, as it can be seen in Equation 2.18 above, is known as “Iverson bracket
notation” [Knuth, 1992]. It is used various times throughout the remainder of the present work.
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3 Searching through the Label Space for finding Multi-Label Heads

In order to induce multi-label head rules, the algorithm, which is proposed in this work, relies on finding
the best multi-label head for a given rule’s body. However, due to the exponential complexity of an
exhaustive search through the label space . = (A4, ..., A,,), which requires 2" steps [Loza Mencia, 2012],
it is not feasible to evaluate all possible heads, if many labels are available. For this reason, a way
for pruning the search by leaving out the evaluation of unpromising label combinations is required.
The algorithm, which is proposed in this work, is able to perform pruned searches through the label
space based on two different properties of multi-label evaluation metrics — namely anti-monotonicity and
decomposability. Prior to the presentation of the algorithm, which is given in Chapter 4, both of these
properties are formally defined in this chapter. Whereas anti-monotonicity is discussed in Section 3.2,
Section 3.3 focuses on decomposable evaluation metrics. In addition to the formal definitions, which are
given in this chapter, multiple examples, that illustrate the search for multi-label heads using different
pruning strategies, are given as well. Besides emphasizing the need for pruned searches, their purpose
is to demonstrate how the performances of multi-label head rules are measured. In this work, it is
distinguished, whether a rule-independent or rule-dependent evaluation strategy is used. Both strategies
are discussed in Section 3.1 below.

3.1 Rule-dependent vs. Rule-independent Evaluation

As already mentioned, the evaluation of a multi-label head rule depends on whether the rule-dependent
or rule-independent evaluation strategy should be used. This differentiation corresponds to the labels,
which are taken into account for measuring the rule’s performance. The individual strategies are defined
as follows:

* Rule-independent: All labels A,,...,A,, € L are taken into account for measuring a rule’s perfor-
mance, regardless of the rule’s head. If the head does not contain a label attribute y;, corresponding
to a certain label A;, this is handled as if a label attribute y; = 0 would be included, i.e. as if the
label would be predicted as irrelevant.

* Rule-dependent: Only if a rule does contain a label attribute y; in its head, the corresponding
label A; is taken into account for measuring the rule’s performance.

When using the rule-independent evaluation strategy, all labels are taken into account for measuring
the performance of a rule, regardless of whether they are included in the rule’s head, or not. Labels,
which are not included, are assumed to be predicted as irrelevant. This assumption is based on how
a test example’s label vector is constructed during the prediction process by successively applying the
rules, which are contained by a previously learned multi-label decision list. The prediction algorithm
(which is discussed in detail in Section 4.4) considers labels, that remain unset after all rules of the
decision list have been processed or after a stopping rule has been encountered, to be irrelevant. Using
the rule-independent evaluation strategy is expected to introduce a bias towards learning fully set heads,
which predict all available labels. However, when taking into consideration, that separate-and-conquer
algorithms aim at learning several rules, utilizing the rule-dependent evaluation strategy might be more
appropriate for evaluating an individual rule’s performance. This is, because when predicting the labels
of a test example, usually multiple rules contribute to the predicted label vector, each one of them
predicting the absence or presence of only a few labels. When only taking the labels into account,
which are actually set by a particular rule, the performance of that particular rule exclusively depends
on these labels, instead of being affected by labels, which are out of the rule’s scope and might be
predicted by other rules instead. Both evaluation strategies are examined in terms of anti-monotonicity
and decomposability in Chapter 5. Furthermore, the influence of using either the rule-dependent or
rule-independent evaluation strategy on the proposed algorithm’s performance is discussed in Chapter
6. In the remainder of this work, the symbols 1l and ,K are used as a shorthand notation in order to
indicate, that the rule-independent, respectively rule-dependent, evaluation strategy is used.
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3.2 Anti-Monotonicity

In Definition 3.1, the anti-monotonicity property is formally defined. If the definition holds for a specific
evaluation function, using a specific averaging and evaluation strategy, this basically guarantees, that
when adding a label attribute to a multi-label head rule’s head causes the rule’s performance to decrease,
the heads, which result from adding additional attributes, cannot reach the best possible performance
anymore. As a result, it is possible to leave out the evaluation of these unpromising heads without
risking, that the best possible head is not found. In addition, the applicability of pruning based on anti-
monotonicity is further restricted by requiring the properties of monotonicity, as given in Definition 3.2,
to not be met. The motivation behind this additional restriction is discussed below.

Definition 3.1 - Anti-Monotonicity: Let lA/p « B and Y, < B denote two multi-label head rules consisting
of a common body B and head ?p, respectively Y. Both heads contain label attributes ¥; € G with G = {1}
or G = {0,1}. It is further assumed, that the subset relationship f/p c Y, holds and therefore the head Y,
contains additional label attributes beyond those of lA/p. Given a particular averaging strategy and using
either the rule-dependent or rule-independent evaluation strategy, an evaluation function & is considered to
be anti-monotonous, if the following conditions are met:

i) When adding a label attribute to a multi-label head rule’s head causes the rule’s performance on a
data set T to decrease, by adding additional attributes the best possible performance h,,,, cannot be
reached anymore:

Y, cY,A8(Y, —B,T) <8, —B,T)=>6(Y, « B,T) <hpay, V¥u(¥, C ¥,)

ii) Regarding the given averaging and evaluation strategy, the evaluation function 6 must not be
monotonous according to Definition 3.2.

In order to illustrate, how searches through the label space, which aim at finding the best multi-label
head for a given rule’s body, can be pruned by exploiting the properties of anti-monotonous evaluation
functions, an example is given in the following. By showing all evaluations, which must be performed
by an exhaustive search, as well as by highlighting the evaluations, which can be left out by a pruned
search, the need to reduce the computational complexity is emphasized.

Example 3.1 - Pruning Searches Through the Label Space based on Anti-Monotonicity: In Table 4,
the label vectors of fictional training examples are given. One-half of them is assumed to be covered by
a given body, the other half is not. The aim of a search through the label space, as it is discussed in this
example, is to find the multi- or single-label head rule, which models the labels of the covered examples
best. In order to be able to compare the possible rules with each other, a heuristic value is calculated per
rule by using a specific evaluation function, averaging strategy and evaluation strategy.

A Ay Ay Ay
Y, | O
Not covered | Y,
Y, | 0 0 0
Y, 0 1 1 0
Covered Yo | 1 1 0
Y| 1 1 0 0O

Table 4: Exemplary label vectors of training examples used by Figure 1, as well as by Figure 2, and given
the label space L = (A4, A5, A3, A4). Some of the examples are assumed to be covered by a given
rule’s body, some are not.
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The search for finding the best head for a given rule’s body can be visualized as a search tree similar
to the one, which is shown in Figure 1 below. The nodes of the tree correspond to the evaluation of
label combinations. The root node represents an empty head with undefined performance. The edges
of such tree correspond to adding an additional label attribute to the head, which is represented by
the preceding node. Because equivalent heads are prevented from being evaluated multiple time, the
search tree is unbalanced. Whereas many label combinations are evaluated in the most-left branch of
the tree, the number of evaluations decreases from left to right. In the present example micro-averaged
hamming accuracy — as previously defined in Equation 2.8, respectively Equation 2.14 —, together with
the rule-independent evaluation strategy (cf. Section 3.1), is used for measuring the heuristic values
h of possible single- and multi-label head rules. When using an exhaustive search, all possible label
combinations must be evaluated. The resulting tree is independent of whether a breadth-first or depth-
first search is used. In Figure 1, increases of the measured performance, which result from adding an
additional label attribute to the rule’s head, are indicated using green arrows (—). Decreases of the
performance are indicated by using red arrows (—) accordingly. If adding a label attribute does not
have an impact on the rule’s performance at all, black arrows (—) are used. Note, that in the present
example only label attributes, which predict the presence of labels (i.e. attributes of the form y; = 1) are
considered. This corresponds to the target G = {1}. In general, by using the targets G = {0, 1}, multi-
label heads can also predict the absence of labels (using attributes of the form y; = 0). This requires
both possible forms of a particular label attribute to be evaluated in each node of the search tree. The
variant, which reaches a higher performance according to the used evaluation function, is finally added
to the rule’s head and propagated to the child nodes.

{1} {32} {J3} {V4}
=u h=21 h=3 = L

ERAST LY \" 1,93 V. 04} 92,93} {72, Y4} {V3, ¥4}
S G S Sl (R G 446
V1,92, Y3 V1, V2, Vat I, Vs, Va} {V2,¥3, Va}
h=1 =4 p_ 7 h=323
24 2% ! 24 8
{}’\’1,5'2,5’3,}74}
h 5

12

Figure 1: Search through the label space for finding the best multi-label rule head given the examples
in Table 4 and using micro-averaged hamming accuracy, together with the rule-independent
evaluation strategy, for performance evaluation. The dashed line (---) indicates the label
combinations, which must not be considered, when pruning the search according to the anti-
monotonicity property, which is given in Definition 3.1.
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According to the rule-independent evaluation strategy, which is used in the present example, all labels —
regardless of whether they are included in a rule’s head, or not — are taken into account for calculating
a rule’s performance h. Furthermore, as the head is only applied to examples, which are covered by the
rule’s body, covered examples are treated differently than uncovered examples. On the one hand, rele-
vant labels of uncovered examples are counted as false negatives and irrelevant labels contribute to the
true negatives. On the other hand, the labels of covered examples are counted as true positives, if they
are predicted correctly, respectively as false positives, if they are predicted incorrectly. This contradicts
the definition, which is given in Equation 2.5, and aims at handling predicted labels equally, regardless
of whether they are relevant or irrelevant. The need for using the divergent definition is discussed more
detailed in Section 4.3, when discussing the proposed algorithm. For a better understanding of how the
performances of multi-label head rules are calculated, an exemplary calculation is shown below. It illus-
trates, how the performance of the rule with the head {y,, y5} is calculated. According to the notation,
which is shown in Table 1, the index j is used for iterating over the data set’s examples, whereas the
index i iterates over the available labels. The colors, which are used in the equation for highlighting true

positives, false positives, true negatives and , correspond to the color highlighting used in
Table 4.
Z Z TPIJ + Z Z TNlJ
b _ i j ij _ 6+4 _ S
T SS TTP + YFP 4+ Y SITNY + 6+6+4+8 12
i i i

According to Figure 1, the label combination {¥,, ¥,}, which reaches a performance of 1—72, is considered

to be the best choice. In order to induce multi-label head rules, which predict as many labels as possible,
heads that consist of more label attributes should be preferred over those with fewer attributes. The
dashed line (---) in Figure 1 indicates the label combinations, which must not be considered when
pruning the search under the assumption, that the hamming accuracy metric fulfills the properties of
anti-monotonicity when used together with micro-averaging and the rule-dependent evaluation strategy
(in Section 5.2.3 this assumption is proved to hold). As it can be seen, the highest rated label combination
{31, ¥,} is still discovered by a pruned search, despite the reduced search complexity.

Definition 3.2 - Monotonicity: Let ffp < B denote a multi-label head rule with body B and head f/p. The
head consists of an arbitrary number of label attributes using the targets G = {1} or G = {0,1}. Given a
particular averaging strategy and using either the rule-dependent or rule-independent evaluation strategy,
an evaluation function & is considered to be monotonous, if adding an additional label attribute, which is
not already contained by the head ?p, never causes the rule’s performance on the data set T to decrease:

5(Y, < B,T)=5(Y, < B,T), V¥, (¥, c ¥,)

According to Definition 3.1, anti-monotonous evaluation functions must not be monotonous. This is,
because otherwise, adding label attributes to a multi-label head would never cause the performance of
the corresponding rule to decrease. This would prevent any evaluations from being pruned, resulting in
a computational complexity, which is equal to that of an exhaustive search. Moreover, all rules, which are
induced using a monotonous evaluation function, would predict all available labels to be either relevant,
or irrelevant, which results in a bad predictive performance. An example of a monotonous evaluation
function is shown in the following example.

Example 3.2 - Monotonous Evaluation Functions: In Figure 2, a search through the label space
L = (A4, Ay, A3, A,) is illustrated. The exemplary label vectors, which are given in Table 4, are reused
in the present example. For measuring the performances of possible multi-label head rules, the re-
call metric, which is given in Equation 2.13, is used together with example-based averaging as defined
in Equation 2.9. Furthermore, the rule-dependent evaluation strategy, as discussed in Section 3.1, is
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used in this example. Because the used evaluation function is monotonous (which is proved in Section
5.1.2.3), adding an additional label attribute to a multi-label head does never cause the measured per-
formance to decrease. Instead, the performance remains the same, which is indicated by using black
arrows (—) in Figure 2, or even increases as indicated by the green arrows (—). As a result, all potential
multi-label heads must be evaluated, resulting in a computational complexity of 2". This corresponds
to the complexity of an exhaustive search. As the algorithm, which is proposed in this work, prefers
multi-label heads, which consist of more label attributes, over those that consist of fewer attributes, the
head {¥1, ¥, ¥3, 4}, which predicts all available labels as relevant, is considered to be the best choice.
However, when taking a look at the label vectors of the used training examples, it becomes obvious, that
predicting some labels to be irrelevant would be a better a choice. E.g. label A, is not associated with
any of the covered examples and therefore it should be predicted as irrelevant.
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Figure 2: Search through the label space for finding the best multi-label rule head given the examples in
Table 4 and using example-based recall, together with the rule-dependent evaluation strategy,
for performance evaluation.

3.3 Decomposable Evaluation Metrics

In addition to the anti-monotonicity property, which is specified in Definition 3.1 of the previous sec-
tion, another property of evaluation functions, referred to as decomposability, is exploited in this work
for pruning searches through the label space as well. When using a so-called decomposable evaluation
metric, no deep searches through the label space must be performed in order to find the best multi-label
head for a given rule’s body. Instead, given a label space L. = (A44,...4,), the best multi-label head can
be deduced from the performance measurements, which are obtained by considering each of the n la-
bels individually. Definition 3.3, which is given below, formally defines the properties of decomposable
evaluation functions.
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Definition 3.3 - Decomposability: Let Y « B denote a multi-label head rule with body B and an arbitrary
head Y. Given a particular averaging strategy and using either the rule-dependent or rule-independent
evaluation strategy, an evaluation function 6 is considered to be decomposable, if the following conditions
are met:

i) If the multi-label head rule Y « B contains a label attribute yi € Y for which the corresponding
single-label head rule y; < B does not reach the best possible performance h,,,, on the data set T,
the multi-label head rule cannot reach that performance either. The other way around, if a multi-label
head rule does not reach the performance h,,,,, at least one of the corresponding single-label head
rules does not reach that performance either.

3i(3, €Y A8 « B, T) <hpay) < 6(Y < B, T) < hypey

ii) If all single-label head rules y; <— B, which correspond to the label attributes, which are contained by
a multi-label head Y, reach the best possible performance h,, ., on the data set T, the multi-label head
rule Y « B reaches that performance as well. The other way around, if a multi-label head rule reaches
the performance h,,,,, all corresponding single-label head rules also reach that performance.

53 < B, T)=hpay, V31 (31 € V) = 6(Y « B, T) = hppay

iii) Regarding the given averaging and evaluation strategy, the evaluation function &6 must not be
monotonous according to Definition 3.2.

The properties of decomposability, according to Definition 3.3, are more restrictive than those of anti-
monotonicity, which are given in Definition 3.1. As a result, if the definition of decomposability is met
by an evaluation function, the definition of anti-monotonicity is implied to be met by said evaluation
function as well. This kind of implicational relationship is expressed by Lemma 3.1, which is shown
below.

Lemma 3.1: If an evaluation function & is decomposable according to Definition 3.3, given a specific aver-
aging and evaluation strategy, this implies that it is also anti-monotonous according to Definition 3.1.

Proof: On the one hand, if the property, which is given in Definition 3.3 iii), is met, this implies the
corresponding property in Definition 3.1 ii) to be met as well. On the other hand, if the properties,
which are given in Definition 3.3 i) and ii), are fulfilled, it follows, that the property, which is given in
Definition 3.1 i), holds as well due to the following equation:

Y, cY,A8(Y, —B,T)<6(Y, < B,T)

=5(Y, < B, T) < hypy

W.LL. N
————3(§, € %, A8(J; —B,T) < hyyy) 3.1)
Definition 3.3 1)

:>3(j\/l € 1?va/\a(.)/\/i (_B:T) < hmax) > vYl\va (?s C ?a)

=6(V, < B, T) <hpey , VY, (Y, C ¥,)
|

As a result of Lemma 3.1, if an evaluation function is proved to be decomposable according to Definition
3.3, it can also be considered to be anti-monotonous according to Definition 3.1. Consequently, when
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using such an evaluation strategy, searches through the label space can be pruned according to the
properties of anti-monotonicity as previously demonstrated in Example 3.1. However, if the properties
of decomposability are met, it is possible to prune searches even more extensively. This is illustrated by
the following example.

Example 3.3 - Pruning Searches through the Label Space based on Decomposability: In this exam-
ple, the rule-dependent evaluation strategy is utilized in order to measure the performances of multi-
label head rules using micro-averaged precision. It is further assumed, that the used evaluation function
is decomposable according to Definition 3.3 (this assumption is proved to be true in Section 5.1.1.1).
The example is based on the training examples, which are shown in Table 5. Some of the examples are
assumed to be covered by a given rule’s body and some are not.

A Ay Az Ay

;{0 1 1 O

Notcovered |V, | 1 1 1 1
Y00 0 1 o0

.0 1 1 o0

Covered Y1 1 0 O
Y1 0 0 O

Table 5: Exemplary label vectors of training examples used by Figure 3 and given the label space
L = (A4, 2,5, A3, 4,4). Some examples are covered by a given rule’s body, some are not.

Figure 3 shows the search tree, which results from an exhaustive search for the best multi-label head,
given the exemplary label vectors, which are shown in Table 5.

{v1} {¥2} {ys} {74}
hes hes he e

{/{j\,la AZ}\‘! {ylz AS} {j\,l: A4} {AZ)}A,S} {}'\,2: A4} {A3: A4}
NPT S 0 S G
{1, V2, Vs HI1, Vs }A’}{}’la}’g,ﬂ} {V2, V3, ¥a}
S E =

Figure 3: Search through the label space for finding the best multi-label rule head given the examples
in Table 5 and using micro-averaged precision, together with the rule-dependent evaluation
strategy, for performance evaluation. The dashed line (- - -) indicates the label combinations,
which must not be evaluated according to the properties of decomposable evaluation functions,
which are given in Definition 3.3.
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In Figure 3 — similar to the earlier examples in this chapter —, decreases in performance, which result from
adding additional label vectors to a head, are indicated in said figure by using red arrows (—). Increases
are indicated by using green arrows (—) accordingly. Black arrows (—) are used, when adding a label
attribute does not affect the performance. According to Figure 3, the multi-label head {y,, ¥,}, which
reaches a performance of %, is considered to be the best choice. When only taking the single-label
heads {¥,}, {¥,}, {753} and {J,} into account, the heads {y,} and {J,}, which both reach the best
possible performance of %, outperform the remaining single-label heads. According to the properties of
decomposable evaluation metrics, this allows to conclude, that the best multi-label head contains both of
these label attributes in its head. This is, because including at least one of the remaining label attributes
in the head causes the performance of the resulting multi-label head rule to be lower than the best
possible performance. As a result, it is possible to determine the best multi-label head without the need
to explicitly evaluate its performance.
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4 An Algorithm for Learning Multi-Label Head Rules

In this chapter, the algorithm, which is proposed in the work at hand, is presented. As already mentioned,
it is based on the separate-and-conquer algorithm for learning single-label head rules, which has recently
been proposed by Loza Mencia and Janssen [2015]. That underlying algorithm is discussed in detail in
Section 2.2.3. As the original algorithm, as well as the variant, which is presented at this point, are
both based on the paradigms of separate-and-conquer rule learning algorithms (cf. Section 2.2.1), they
share a common structure. The subroutines GETCoverREDSETS (cf. Algorithm 5) and GETREADDSETS (cf.
Algorithm 6) are identical for both approaches and therefore they are not discussed here. According
to Algorithm 3, which illustrates the basic structure of both separate-and-conquer algorithms, a multi-
label decision list is learned by successively inducing rules. Whenever a new rule is induced, the training
examples it covers are eventually removed from the training data set, depending on the fraction of labels,
which are predicted by already learned rules. Despite these similarities, both approaches significantly
differ in how individual rules are learned. Whereas the original algorithm is based on inducing single-
label head rules for each label individually and finally choosing the best among them (cf. Algorithm 4),
for learning multi-label head rules a different approach is required. As such rules may contain several
labels in their heads, the available labels can not be handled in an isolated manner. Instead of finding
the best body for given labels, the algorithm for inducing multi-head rules is based on finding the best
head for potential bodies. The alternative implementation of the subroutine rFINDBEsTGLOBALRULE, which
is used by said approach, is shown in Algorithm 8 below.

Require: Original training data set T, current training data set T, cn;
targets G (either G = {1} or G = {0, 1}), evaluation function &,
whether to use rule-dependent or rule-independent evaluation strategy,
the averaging strategy to use

Tpest :Q<_®

Tpest-N = —00 > Initialize performance of new rule
improved = true
while improved do > Until no improvements possible
r = REFINERULE(T, Teyrent> Thest» G O) > Refine rule by adding a condition and updating its head
if r.h > ry,,.h then
Thest =T > Replace by better rule
else

improved = false
return best rule 1y,

Algorithm 8: Algorithm FINDBESTGLOBALRULE for inducing a new multi-label head rule, based on the
current training data set

The rule induction process, which is shown in Algorithm 8 above, corresponds to a top-down search,
starting with the most generic rule — i.e. a rule with no conditions in its body —, which covers all of
the training data set’s examples. The rule is then iteratively refined by successively adding additional
conditions to its body and choosing a suitable multi-label head each time a condition is added. Adding
conditions to a rule’s body causes the rule to become more specific, i.e. a subset of the originally covered
training examples is covered by the refined rule. This requires the head of the rule to be updated as
well, because predicting different labels might result in a higher predictive performance with respect to
the changes in covered examples. According to Algorithm 8, a rule is refined until no improvement in
terms of the measured performance can be achieved anymore. When this termination criterion is met,
the refined rule is returned and added to the decision list.
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4.1 Refinement of Rule Conditions

As it can be seen in Algorithm 8, for refining a rule by adding additional conditions to its body, the sub-
routine REFINERULE is used. It is responsible for determining the best possible refinement of a rule, as well
as for finding a corresponding multi-label head. For this reason, each possible combination of refinement
and corresponding multi-label head must be taken into consideration. Finally, the best rule among all
possible refinements is chosen according to a performance evaluation on the given training data set. The
structure of the subroutine REFINERULE, as used by proposed algorithm, is shown in Algorithm 9 below.

Require: Original training data set T, current training data set T, en¢»
rule r, targets G, evaluation function 6,
whether to use rule-dependent or rule-independent evaluation strategy,
the averaging strategy to use

Thest =T
for each possible condition ¢ € GETATTRIBUTECONDITIONS(T) U GETLABELCONDITIONS (T, rene) dO
if ¢ ¢ r.body then

rrefined =r

Trefined-Dody U ¢ > Add condition to rule’s body

rrefined = FINDBESTHEAD(T’ Tcurrenb rrefined) G) 5)

if rrefined'h > rbest.h then

Tbest = Trefined > Replace by refined rule

return best refined rule ry,,

Algorithm 9: Algorithm rRerINERULE for refining the body of a multi-label head rule by adding additional
conditions. Each refinement requires to update the rule’s head as well

The conditions, which are available for being added to a rule’s body in order to refine it, result from the
attributes and labels of the given training data set. Whereas attribute conditions are tests on the training
examples’ values, label conditions allow to check, whether particular labels are associated with examples,
or not. This enables to induce label-dependent rules (cf. Table 2, which are able to model correlations
between labels as previously discussed in Section 2.1.2. In Algorithm 9, the possible attribute and label
conditions are retrieved using the subroutine GETATTRIBUTECONDITIONS, respectively GETLABELCONDITIONS.
The operation of both of these subroutines is discussed in detail in the following two subsections.

411 Attribute Conditions

Algorithm 10 illustrates the operation of the subroutine GETATTRIBUTECONDITIONS, Which can be used
to retrieve all possible attribute conditions for refining a rule’s body. The algorithm takes all available
attributes of the given training data set T into consideration. The values, which are available for individ-
ual conditions, depend on whether the respective attribute is nominal or numeric. In case of a nominal
attribute, a condition is created for each of the attribute’s values (e.g. the values true and false if
it is a boolean attribute). If the attribute is numeric instead, the conditions depend on the examples,
which are present in the given training data set. This requires the data set’s examples to be sorted by
the respective attribute in ascending order, beforehand. Afterwards, for each pair of neighboring exam-
ples, a split point is calculated (cf. Algorithm 10, line 10). For each split point, two conditions — using
the <, respectively the > operator, for comparing an example’s value to a split point — are created (cf.
Algorithm 10, line 11). Note, that it is not necessary to create conditions for split points between two
neighboring examples, which are associated with an identical set of labels (cf. Algorithm 10, line 9).
This is, because the conditions of a rule are supposed to discriminate between examples for which the
rule’s prediction is correct and those for which the prediction is incorrect. However, when choosing such
split point as a condition’s value, the condition mistakenly discriminates between examples for which
the same prediction is correct.
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Require: Training data set T

c=0 > Start with empty set of conditions
for each attribute A; do
if A, is nominal then > Attribute is nominal
for each value v of A, do > Add condition for each nominal value
C=CU(A, =)
else > Attribute is numeric

sort examples (X;,Y;) € T by values v, € X; in increasing order

for each example (X;,Y;) € T with j>1Aj <|T|do

if Y;_; #Y; then > Only consider neighbours with different label vectors
V= U + (U — Uep)/2 with vy, 1 €X; > Calculate split point between neighbours
C=CUA=v)UA<D) > Add two conditions for each split point

return attribute conditions C

Algorithm 10: Algorithm GeTATTRIBUTECONDITIONS for retrieving all possible conditions, which are based
on the training data set’s attributes

4.1.2 Label Conditions

In order to be able to induce label-dependent rules, the labels, which are predicted by already learned
rules, can be used as the conditions of new rules. Algorithm 11 illustrates how the label conditions, which
are available at a particular point in the rule induction process, can be retrieved using the subroutine
ceTLABELConDITIONS. The labels, which are available for creating conditions, are taken from the current
training data set T.,,,.,;- Whenever a new rule is learned by the proposed algorithm, its head is applied
to the covered training examples (cf. Algorithm 5, line 3), which enables to keep track of already
predicted labels. For each of the available labels, two conditions — for testing the presence, respectively
the absence of the respective label — are created (cf. Algorithm 11, line 4).

Require: Current training data set T, ent
c=0 > Start with empty set of conditions
for each example (X;,Y;) € Teypren do
for each label attribute y; € Y; with y; #? do
C=CU(y;=0U(y;=1) > Add two conditions for each already learned prediction
return label conditions C

Algorithm 11: Algorithm GeTLABeLConDITIONS for retrieving all possible conditions, which are based on
already predicted labels

The reason why only labels, which are already predicted by previously induced rules, are taken into
account, lies in how the decision list, which is learned by the proposed algorithm, is processed in order
to predict the labels of an unknown test example. During the prediction process, the rules, which are
contained by the decision list, are applied to the test example successively. Initially, all labels of the
given example are unset. Only if a rule covers the example, the labels, which correspond to the label
attributes in the rule’s head, are set. This causes the number of set labels to increase as the decision list
is processed. If a rule would depend on a label, which is not set by any of its predecessors, there would
be no chance of the label being set once the rule is processed. As a result, the rule would not cover the
given example, rendering it useless. The application of a learned decision list for predicting the labels of
unknown examples is discussed in a more detailed manner in Section 4.4.
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4.2 Finding Best Head for a Rule

When using the subroutine RErFINERULE, as given in Algorithm 9, for refining a rule, the subroutine rinp-
BesTHEAD is used to determine the multi-label head, which results in the best performance, regarding
the refined rule’s body. In theory, this requires to evaluate the multi-label heads, which result from all
possible label combinations. However, as discussed in Chapter 3, such an exhaustive search through
the label space suffers from an exponential computational complexity and therefore is not feasible, if
many labels are available. For this reason, the proposed algorithm prunes searches according to the
anti-monotonicity property, respectively the properties of decomposable evaluation functions, which are
formally defined in Section 3.2 and Section 3.3. In order to perform as efficient as possible, the subrou-
tine FINDBESTHEAD must be able to decide, whether an anti-monotonous or a decomposable evaluation
metric is given. Algorithm 12 illustrates, how said subroutine opts for either executing the subroutine
PRUNEDSEARCH or DECOMPOSITE, depending on the given evaluation function 6, as well as the used eval-
uation and averaging strategies. The operation of these subroutines is discussed in the following two
subsections. Because the aim of the proposed algorithm is to learn multi-label head rules rather than
single-label head rules, both subroutines PRUNEDSEARCH and pEcomPOSITE prefer heads, that consist of
more label attributes, over heads with fewer attributes. In Chapter 5, selected multi-label evaluation
metrics are examined in terms of whether they meet the properties of anti-monotonicity, respectively
decomposability. Metrics, which neither fulfill the properties of anti-monotonicity, nor the properties of
decomposability, are not supposed to be used by the proposed algorithm.

Require: Original training data set T, current training data set T.,, en¢»
current rule r, targets G, evaluation function 6,
whether to use rule-dependent or rule-independent evaluation strategy,
the averaging strategy to use

r.head = ()

if 6 is decomposable using the given evaluation and averaging strategy then
return DECOMPOSITE(T, T,,yrent> 1> G, 0)

else
return PRUNEDSEARCH(T, T,y rent, 7> G, 6, 0)

Algorithm 12: Algorithm rinDBesTHEAD for finding the best multi-label head for a given rule’s body

4.2.1 Pruning based on Anti-Monotonicity

The subroutine PRUNEDSEARCH, which is shown in Algorithm 13, performs a depth-first search for finding
the best multi-label head, regarding a given rule r. In theory, using a breadth-first search is feasible as
well. The targets G specify the types of label attributes, which are allowed to be contained by a rule’s
head. If the target G = {1} is used, only attributes of the form y; = 1, which predict the presence of
labels, are taken into consideration. When using the targets G = {0, 1} instead, label attributes of the
form y; = 0, which predict the absence of labels, are considered as well. The search algorithm recursively
adds additional label attributes to the initially empty head of the given rule and keeps track of the head,
which reaches the highest performance. As it can be seen in Algorithm 13, the evaluation of unpromising
label combinations is avoided in two ways: On the one hand, when adding an additional label attribute
causes the performance of a rule to decrease, the subroutine PRUNEDSEARCH is not executed recursively
any further. This is based on the anti-monotonicity property, which states, that by adding additional
attributes, the best possible performance cannot be reached (cf. Section 3.2). On the other hand, heads,
which have already been evaluated, are added to the (initially empty) set H. This allows to prevent
equivalent heads from being unnecessarily evaluated again in later iterations. Note, that heads are
considered to be equivalent, if they contain the same label attributes, regardless of their values and

38



O 0O NN O W N

N PR PR R PR R PR P P = =
O 0O O NN OUT A WDNRHRO

order. By excluding supersets of the heads, which are already contained in H, from being evaluated in
later iterations as well, it is ensured, that pruned heads are left out in later iterations (cf. Algorithm 13,
line 10). If the targets G = {0, 1} are used, Algorithm 13 determines for each potential label attribute,
whether predicting the presence or absence of the corresponding label results in a better performance
(cf. Algorithm 13, line 12). Moreover, labels, which are used by the conditions in a rule’s body, are not
available for being added to its head (cf. Algorithm 13, line 2).

Require: Original training data set T, current training data set T, ent»
current rule r, targets G, evaluation function 6,
already considered heads H
whether to use rule-dependent or rule-independent evaluation strategy,
the averaging strategy to use

Thest =T
for each label A; not already contained in r.body do
r r
rcurrent 'h =
for each target t € G do > For each label, all targets are taken into consideration
yi=t > Currently considered label attribute
if label attribute ; is not already in r.head then

current —
—0Q

rref ined =T

Trefined-nead U ¥; > Add label attribute to head

if no head in H is a subset of r,,¢i,.q-head then > Prunes the evaluation of label combinations
rrefined'h = EVALUATERULE(T’ Tcurrent: Trefineds 0)

if I'efined-N > Teyrrene-h then > Determines the best prediction for each label

Teurrent = rrefined
if r.yrrent-h #—00 then > If label combination has not been pruned
if 7yrrent - = Tpese-h then > Recursively add label attributes, unless performance decreased

I'vec = PRUNEDSEARCH( .y rent> G, T, 0, H)
if rpc.h > 150 OF (Fppe.h == 1p,..h and |1,...head| > |1y, .head|) then
Thest = Trec > Heads with more label attributes are prefered
H =HUTren:-head
return rule r;,,, with best head

Algorithm 13: Algorithm prRuNEDSEARCH, which performs a pruned search through the label space,
according to the properties of anti-monotonicity

The depth-first search, which is performed by Algorithm 13, can be visualized as a search tree, similar
to the one shown in Figure 1. The nodes of such a tree correspond to the evaluation of particular label
combinations, whereas the edges correspond to adding an additional label attribute to the head, which
is represented by the preceding node. Because heads are prevented from being evaluated multiple times,
the search tree is unbalanced.

4.2.2 Exploiting Decomposable Evaluation Metrics

If a decomposable evaluation metric is used for evaluating the performances of multi-label head rules,
no deep search for finding the best multi-label head for a given rule’s body is necessary. Instead, deter-
mining the best multi-label head comes at linear costs in such case, because it can be derived from the
performances of all potential single-label head rules. Given n labels, only n, respectively 2-n, single-label
head rules must be evaluated, depending on whether the targets G = {1} or G = {0, 1} are used. The
best multi-label head rule finally results from the single-label head rules, which reach the maximum per-
formance. If only one single-label head rule reaches the best performance, according to the properties
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of decomposable evaluation metrics, it is guaranteed, that no rule, which contains containing multiple
label attributes in its head, can reach that performance as well (cf. Section 3.3). Instead, if multiple
single-label head rules reach the best performance, the best multi-label head results from the label at-
tributes, which are contained in those single-label head rules’ heads. The subroutine pEcomposiTE, which
is shown in Algorithm 14 below, illustrates how these properties can be exploited in order to efficiently
determine the best multi-label head, regarding the body of a given rule r. It measures the performance
of all potential single-label head rules and keeps track of those rules, which reach the performance,
which is known to be the current maximum. If a rule outperforms that performance, the resulting multi
label head is replaced by the rule’s single-label head (cf. Algorithm 14, line 12). If a rule reaches the
performance, which is the maximum so far, the label attribute, which is contained by its head, is added
to the resulting multi-label head (cf. Algorithm 14, line 14). The process continues until all potential
single-label head rules, depending on the given targets G, have been considered. When using the targets
B = {0, 1}, it is ensured that only one label attribute, which corresponds to the same label, is contained
by a head (cf. Algorithm 14, line 10). Also, label attributes, which correspond to the labels, a rule’s body
depends on, are excluded from being added to its head (cf. Algorithm 14, line 2).

Require: Original training data set T, current training data set T, ent»
current rule r, targets G, evaluation function &,
whether to use rule-dependent or rule-independent evaluation strategy,
the averaging strategy to use

Thest =T
for each label A, not already contained in r.body do
rcurrent =T
rcurrent'h =—00
for each target t € G do > For each label, all targets are taken into consideration
yi=t > Currently considered label attribute

if label attribute y; is not already in r.head then
rsingle = ‘)A,i — T'.bOd_)/
Tsingle-N = EVALUATERULE(T, Teyrrenes Tsingte> ©)

if Tsingre-h > T'eyrrene-h then > Determines the best prediction for each label
Teurrent = rsingle
if 7. yrrent -0 > These-h then > If best performance is outperformed, the previous head is discarded

Thest = Tcurrent
else if . eni-h = Tpes;-h then > If best performance is reached, label attribute is added to head

Tpest-N€AA U I'eyprrone -head
return rule r;,,, with best head

Algorithm 14: Algorithm pecomposiTE, which exploits the properties decomposable evaluation metrics to
determine the best possible multi-label head for a specific rule

4.3 Measuring the Performance of Multi-Label Head Rules

Algorithm 13 and 14 both depend on the subroutine evaLuaTeRULE for measuring the performances of
multi-label head rules, in order to be able to compare them to each other. The evaluation of an individ-
ual rule depends on the following input parameters: The evaluation function &, the averaging strategy,
which should be used, and whether a rule-dependent or rule-independent evaluation strategy should be
utilized (cf. Section 3.1). The subroutine EvaLuaTERULE, which is shown in Algorithm 15 below, mea-
sures the performance of a given multi-label head rule r on the training data set T, depending on these
parameters. The evaluation strategy, which should be used, is taken into account by the subroutine
GETRELEVANTLABELS. It returns the labels, which should be taken into account by the performance eval-
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uation. Based on these labels, the performance is calculated by one of the subroutines MICROAVERAGING,
LABELBASEDAVERAGING, EXAMPLEBASEDAVERAGING OF MACROAVERAGING.

Require: Original training data set T, current training data set T, ent»
rule r, evaluation function 6§,
whether to use rule-dependent or rule-independent evaluation strategy,
the averaging strategy to use

L = GETRELEVANTLABELS(7)

if use micro-averaging then
MICROAVERAGING (T, T, rrent> 7> 0, L)

else if use label-based averaging then
LABELBASEDAVERAGING(T, T, yrent>T> O L)

else if use example-based averaging then
EXAMPLEBASEDAVERAGING(T, Teyyrrene> > O, L)

else if use macro-averaging then
MACROAVERAGING(T, Tyrrent> > 0, L)

Algorithm 15: Algorithm evaLuaTERULE for measuring the performance of a multi-label head rule

In order to be able to compare different multi-label head rules with each other, it is useful to take
additional criteria besides solely relying on the heuristic values, which are calculated according to the
given evaluation function, averaging strategy and evaluation strategy, into consideration. However,
in favor of simplicity, this is not shown in Algorithm 15. Some criteria can be taken from heuristics,
which turned out to be useful in separate-and-conquer rule learning for solving single- and multi-class
classification problems. For example, as separate-and-conquer algorithms aim at iteratively cover the
examples of a training data set, it is needless to induce rules, that do not cover any of these examples,
although they may reach very high performances according to some evaluation functions. Furthermore,
a strategy for comparing rules, which reach the same performance, is required. This is often referred to
as “tie breaking”. Common approaches for handling rules, which evaluate to equal performances, are
based on preferring those, that cover more true positives or contain fewer conditions in their bodies. If
the performances of multiple rules are equal, even when taking additional criteria into consideration,
one of these rules must be chosen randomly [Janssen, 2012].

Require: Rule r, whether to use rule-dependent or rule-independent evaluation strategy

if use rule-dependent evaluation strategy then

return {A;|A; € L A y; € r.head} > Return labels, which are predicted by the given rule
else
return {A;|A; € L} > Return all available labels

Algorithm 16: Algorithm GeTRELEVANTLABELS for retrieving all relevant labels according to the used
evaluation strategy

Prior to measuring a multi-label head rule’s performance, the subroutine GeTRELEVANTLABELS, Which is
shown in Algorithm 16, is used to retrieve the labels, which must be taken into account by the eval-
uation. The labels, which are returned by said algorithm, depend on whether the rule-dependent or
rule-independent evaluation strategy should be used. It is based on the definitions of both variants, as
given in Section 3.1: If a rule-dependent evaluation strategy should be used, only the labels, which are
predicted by the given rule r are returned. If a rule-independent evaluation strategy should be used
instead, all labels of the respective data set T are returned, regardless of the given rule.

In Algorithm 17, the operation of the subroutine AGGREGATE is shown. It is used by each of the subrou-
tines MICROAVERAGING, LABELBASEDAVERAGING, EXAMPLEBASEDAVERAGING and MACROAVERAGING in order to
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build confusion matrices. The algorithm decides, whether the prediction of a rule r for a given training
example and label is considered as a true positive, false positive, true negative or false negative. A con-
fusion matrix C, which is passed to said algorithm as an argument, is altered accordingly. According to
Algorithm 17, the output of the subroutine AGGREGATE depends on whether the given example is covered
by the rule, or not. On the one hand, if the example is not covered, the rule’s head is not applied, re-
sulting in no labels being set. Therefore, in such case relevant labels are counted as false negatives and
irrelevant labels contribute to the true negatives of a confusion matrix. On the other hand, if the example
is covered by the rule, the outcome depends on the rule’s prediction for the given label. If the label is
predicted correctly, the true positives of the given confusion matrix are increased. If the prediction is
incorrect, this affects the false positives of the confusion matrix instead.

Require: Rule r, training example (X},Y;), label A;, confusion matrix C

if r covers X; then
if h.head contains a label attribute y; then
if y; # y; €Y, then

C.fp+=1 > Prediction is incorrect
else
C.tp+=1 > Prediction is correct
else > Does only occur when using label-independent evaluation strategy
if y; €Y, is set then
C.fp+=1 > Relevant label predicted as irrelevant
else
C.tp+=1 > Irrelevant label predicted as irrelevant
else
if y; €Y; is set then
C.fn+=1
else
C.tn+=1

Algorithm 17: Algorithm AGGREGATE for aggregating the true positives, false positives, true negatives and
false negatives of a confusion matrix

The way Algorithm 17 treads true positives, false positives, true negatives and false negatives, contra-
dicts the definition, which is given in Equation 2.5. That definition is exclusively meant to be used for
evaluating the performance of a learned model on a test data set. When evaluating the performances
of individual rules during the rule induction process by using Algorithm 17, correctly predicted labels
are always counted as true positives, regardless of whether the label is relevant or irrelevant, whereas
incorrectly predicted labels are always counted as false positives. The reason for using this divergent se-
mantic is, that all label attributes of a rule’s head should be handled equally, regardless of whether they
predict the presence or absence of a label. If the traditional semantic according to Equation 2.5 would
be used instead, the evaluation of individual label attributes would depend on whether they are of the
form y; = 1 or y; = 0. For example, when using the precision metric, which is exclusively calculated
from true positives and false positives, label attributes of the form y; = 0 would never have a positive
impact on the overall performance of a rule, as they only produce true negatives and false negatives.

4.3.1 Micro-Averaging

When using micro-averaging, the performance of a multi-label head rule is calculated using the soubrou-
tine MICROAVERAGING as shown in Algorithm 18. The operation of the algorithm corresponds to the
definition of micro-averaging given in Equation 2.8.
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Require: Original training data set T, current training data set T, ent»
rule r, evaluation function &, relevant labels L

C = (0,0,0,0) > Initialize global confusion matrix
for each example (X;,Y;) € T do
if r does not cover X; or not all labels J; € r.head are set in Y; € T ;.. then
for each relevant label A; € L do
AGGREGATE(T, (X}, Y}), 4, C)
h=46(C) > Apply evaluation function on confusion matrix
return performance h

Algorithm 18: Algorithm micROAVERAGING for measuring the performance of a multi-label head rule using
micro-averaging

As it can be seen in Algorithm 18, the current training data set T,,, ., iS used to check, whether labels
are already predicted by previously induced rules, or not (cf. Algorithm 18, line 3). Covered examples,
for which all labels, that are predicted by a rule, are marked as already set (cf. Algorithm 5, line 3), are
not taken into consideration for building the aggregated confusion matrix. In the subroutines LABELBASE-
DAVERAGING, EXAMPLEBASEDAVERAGING and MACROAVERAGING, which are discussed in the following, similar
checks can be found. All of them correspond to a mechanism, which is used in the original separate-and-
conquer algorithm by Loza Mencia and Janssen [2015] in order to prevent identical rules from being
learned in subsequent iterations of the algorithm. In theory, this might occur when no examples are
removed from the training data set after inducing a new rule, because the examples’ label vectors are
not considered to be covered to a sufficient extend by subroutine GETREADDSET. As the original algo-
rithm focuses on learning single-label head rules, only one label is considered at once. This enables it
to temporarily remove the examples, for which the current label is marked as already predicted, from
the training data set (cf. Algorithm 4, line 3). However, this strategy cannot be used by the algorithm,
which is proposed in this work, because the induction of multi-label head rules requires to consider all
available labels simultaneously. As an alternative, instances, for which a rule does not predict yet unset
labels, are not taken into account for measuring the rule’s performance.

4.3.2 Label-based Averaging

Algorithm 19 illustrates the operation of the subroutine LABELBASEDAVERAGING, which is used for measur-
ing the performance of multi-label head rules, when using label-based averaging. This corresponds to
the averaging strategy, which is defined in Equation 2.9.

Require: Original training data set T, current training data set T, ent»
rule r, evaluation function &, relevant labels L

h=0

for each relevant label A; € L do
C =(0,0,0,0) > Initialize confusion matrix for each label
for each example (X;,Y;) € T do

if r does not cover X; or not all labels §; € r.head are setin Y; € T, ., then
AGGREGATE(T, (X, Y}), 4, C)
h+=6(C) > Apply evaluation function on confusion matrix
h=h/|L| > Average performance label-wise

return performance h

Algorithm 19: Algorithm LABELBASEDAVERAGING for measuring the performance of a multi-label head rule
using label-based averaging
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The algorithm, which is shown above, first calculates an individual heuristic value for each relevant
label. These values result from building one confusion matrix per label using the subroutine AGGREGATE
and applying the given evaluation function 6 on it. The true positives, false positives, true negatives, and
false negatives of each confusion matrix are counted by applying the rule r on all training examples and
aggregating the predictive result for the corresponding label. Finally, the given rule’s overall performance
calculates as the arithmetic mean of the heuristic values, which have been obtained for each relevant
label. Such as discussed in the previous section, examples, for which no yet unset labels are predicted,
are excluded from the performance evaluation.

4.3.3 Example-based Averaging

When using example-based averaging, the subroutine ExAMPLEBASEDAVERAGING is used for measuring the
performance of a rule. It is similar to the subroutine LABELBASEDAVERAGING, Which is discussed in the pre-
vious section, but instead of aggregating true positives, false positives, true negatives and false negatives
label-wise, an example-wise aggregation is used. This corresponds to the definition of said averaging
strategy as given in Equation 2.9. Algorithm 20 illustrates how the example-based performance of a
multi-label rule r is measured. It calculates a heuristic value for each training example by applying
the evaluation function 6 on confusion matrices, which are built from the given rule’s prediction for
all relevant labels. By averaging the heuristic values, which have been obtained for each example, the
overall performance of the given multi-label head rule is finally calculated. Similar to Algorithm 18 and
Algorithm 19, if all labels, which are predicted by a rule, are marked as already predicted by previously
induced rules, the respective example is excluded from the performance evaluation.

Require: Original training data set T, current training data set T.,, ont»
rule r, evaluation function &, relevant labels L

h=0
for each example (X;,Y;) € T do
if r does not cover X; or not all labels J; € r.head are set in Y; € T, ¢, then
C =(0,0,0,0) > Initialize confusion matrix for each example
for each relevant label A; € L do
AGGREGATE(T, (X}, Y}), 4;, C)

h+=6(C) > Apply evaluation function on confusion matrix
h=nh/|T| > Average performance example-wise
return performance h

Algorithm 20: Algorithm exampPLEBASEDAVERAGING for measuring the performance of a multi-label head
rule using example-based averaging

4.3.4 Macro-Averaging

The subroutine MACROAVERAGING, which is shown in Algorithm 21 below, is used for measuring the
performance of a multi-label head rule r using macro-averaging as defined in Equation 2.11. As it
can be seen in the algorithm, for each training example and relevant label an individual confusion
matrix is created. It specifies, whether the prediction of the rule r for a particular example and label
combination is considered as a true positive, false positive, true negative or false negative. By applying
the evaluation function & on each of these confusion matrices, a heuristic value is obtained for each
example and relevant label. The overall performance of the rule finally calculates as the label- and
example-wise arithmetic mean of all of these values. According to Equation 2.11, averaging the obtained
values is commutative, i.e. first calculating the label-wise arithmetic mean and then averaging the values
example-wise is computationally equal to performing the calculation the other way round.
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Require: Original training data set T, current training data set T, ent»
rule r, evaluation function &, relevant labels L

h=0
for each example (X;,Y;) € T do
if r does not cover X; or not all labels ; € r.head are set in Y; € T ;.. then

h.=0
f(J)r each relevant label A; € L do
C =(0,0,0,0) > Initialize confusion matrix for each example and label
AGGREGATE(T, (X}, Y}), A, C)
hj+=6(C) > Apply evaluation function on confusion matrix
h+=h;/|L| > Average performance label-wise
h=nh/|T| > Average performance example-wise

return performance h

Algorithm 21: Algorithm MACROAVERAGING for measuring the performance of a multi-label head rule
using macro-averaging

4.4 Application of Multi-Label Head Rules

The prediction process for applying a model, which has been deduced from a training data set by using
the proposed algorithm, on an unknown test example is similar to the prediction process of the original
algorithm by Loza Mencia and Janssen [2015] as discussed in Section 2.2.3. In both cases, the rules,
which are contained by a learned multi-label decision list, are applied to the test example in the order
of induction until all rules are processed or a stopping rule is encountered. However, as the algorithm,
which is proposed is the present work, allows to induce multi-label head rules, several labels can be set
by a single rule. In line 4 of Algorithm 22, the loop, which is used to set all labels, which correspond
to the label attributes of a multi-label head, is shown. Similar to the original prediction algorithm given
in Algorithm 7, labels are only set, if they have not already been set by previously processed rules. This
prevents the predictions of rules from being altered by other rules, which have been learned at a later
point of the rule induction process. Algorithm 22 continues until all labels of the test example are set
or until no rules remain in the decision list. Labels, which remain unset after the prediction process is
finished, are assumed to be irrelevant.

Require: Test example X, multi-label decision list R
Y =(,..,?
for each rule r in decision list R do
if r covers X then
for each label attribute j; € r.head do
apply label attribute y; on Y if corresponding value in Y is unset
if r is marked as stopping rule or ¥ is complete then
assume all remaining labels in ¥ to be irrelevant
return prediction ¥
assume all remaining labels in ¥ to be irrelevant
return prediction ¥

Algorithm 22: Algorithm for predicting the label vector of a test example, based on the multi-label head
rules of a multi-label decision list

45



5 Anti-Monotonicity and Decomposability of Multi-Label Evaluation Metrics

In this chapter, the evaluation functions, which are given in Section 2.3.3, are examined in terms of
anti-monotonicity and decomposability. In Section 5.1, the evaluation functions are examined with re-
spect to the rule-dependent evaluation strategy, which is introduced in Section 3.1. In Section 5.2 the
rule-independent evaluation strategy is considered accordingly. In both sections, for each evaluation
function and averaging strategy, it is mathematically proved or disproved, whether the definition of
anti-monotonicity, respectively decomposability, is met, or not. For reasons of simplicity —if not stated
otherwise —, the monotonicity property according to Definition 3.2 is assumed to not be fulfilled by eval-
uation functions. In each case, that definition can easily be disproved by giving a simple counterexample.
Throughout the proofs, which are given in the present chapter, evaluation functions are considered as
surjections, which map the predictive results of a rule r on a data set T to a heuristic value h € [0, 1]:

§:rnnT—>R (5.1)

According to Section 2.3.3, the evaluation functions are defined as functions, which operate on the
elements of confusion matrices. In order to denote these elements, the following surjections r, T — N
are used throughout this chapter to retrieve the number of true positives, false positives, true negatives
and false negatives a rule r covers on a data set T. In accordance with Chapter 5, these elements are
calculated as shown in Algorithm 17, instead of using the definition in Equation 2.5. The indices i and j
specify the label A; and example X, the value should be obtained for.

TP/ :1r,T >N  FP/:r,T >N
(5.2)
TN/:r,T->N FN/:r,T >N

According to the shorthand notations, which are introduced in Equation 2.6, the following surjections
r,T — N are used to denote the number of relevant and irrelevant labels according to the ground truth,
respectively to a particular prediction:

P/(r,T):=TP/(r,T)+EN/(r,T)  N/(r,T):=FP/(r,T)+ TN/(r, T)
. . . . . . (5.3)
p/(r,T):=TP/(r,T)+FP/(r,T)  n)(r,T):=TN/(r,T)+FN/(r,T)

In order to simplify the notation of the mathematical proofs, the following function is used throughout
this chapter. It returns the subset of a data set T, that only contains the instances (X is Yj), which are
covered by a given rule r:

C(r,T):={(X;,Y;,) €T | r covers X, } (5.4)

In many cases, the readability of mathematical proof is further increased by omitting the parameters r
and T of the functions, which are given above, in favor of simplicity. This is possible, if only one rule r
and one data set T take part in an equation. However, if multiple rules are used in a single equation, the
subscript notation, which is shown below; is used to unambiguously denote the rule ¥ < B and data set
T, which should be used for evaluating the left-hand expression f.

f|1?<—B,T (5.5)
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5.1 Rule-dependent Evaluation

In the following subsections, the evaluation functions precision, recall, hamming accuracy, F-measure
and subset accuracy are examined in terms of anti-monotonicity and decomposability regarding the
rule-dependent evaluation strategy. When using said evaluation strategy, according to Section 3.1, only
the labels, which are predicted by a rule, are taken into account by a performance evaluation. In some
of the following subsections, the following lemma is examined in order to prove the definition of decom-
posability to be met. If said lemma holds for a particular evaluation function and averaging strategy, the
definition of decomposability is implied to be met as well.

Lemma 5.1: Let Y < B denote a multi-label head rule, consisting of a body B and a head Y. Given a
particular averaging strategy and using a rule-dependent evaluation strategy, an evaluation function 6 is
decomposable according to Definition 3.3, if the performance of the rule is equal to the arithmetic mean of
the performances, which are obtained by considering each label attribute §; € Y individually:

5(7 —B) = |;|-Z6(y2+3)

Ji<B

Proof: Such as all Pythagorean means, the arithmetic mean has two well-known properties, which are
referred to as “averaging” and “value preservation” in the following [Heath, 1921]. Because of these
properties, the definition of decomposability is met, if the performance of a rule calculates as shown in
Lemma 5.1 above. On the one hand, the precondition, which is given in Definition 3.3 i), is met because
of the arithmetic mean’s averaging property:

. 1 <
min(xq,...,x,) < — -in <max(xq, ..., X,) (5.6)
n 4 Averaging

On the other hand, the precondition, which is given in Definition 3.3 ii), is met because of the value
preservation property:

Sl

n
-in =x;=..=X,,withx; =...=x, (5.7)
i=1 Value preservation

5.1.1 Precision

According to the definition, which is given in Equation 2.12, the precision metric measures the percent-
age of correctly predicted labels (true positives) among all labels, which are predicted by a rule (true
positives and false positives). Due to the fact, that the precision metric only takes true positives and
false positives into account, the performance of a rule solely depends on the examples it covers. This
is, because for covered examples the predicted labels are counted as true positives or false positives,
whereas the labels of uncovered examples contribute to the true negatives and false negatives (cf. Algo-
rithm 17). In the following subsections, it is proved, that the precision metrics fulfills the definition of
decomposability according to Definition 3.3, if the rule-dependent evaluation strategy is utilized. As it
is shown in the individual subsections, the properties of decomposability are met, regardless of whether
micro-averaging, label-based averaging or macro-averaging is used.
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5.1.1.1 Micro-Averaging

In the following, it is proved, that micro-averaged precision meets the requirements of decomposability,
when using the rule-dependent evaluation strategy. In Figure 3 of Chapter 3, an example, which uses
micro-averaged precision for measuring the rule-dependent performances of multi-label head rules, is
given. The proof is based on how the micro-averaged precision of a single-label head rule is calculated.
Equation 5.8 shows such calculation for a rule, which contains a single label attribute y; in its head. As
the equation reveals, the precision of a single-label head rule calculates as the fraction of true positives
among the number of all predicted labels. As the prediction of a rule is only applied to covered exam-
ples, the number of predictions equals the number of examples, which are covered by the rule’s body
B. According to the shorthand notation, which is introduced in Equation 5.4, the number of covered
examples is denoted as |C]|.

TP
A j i .
5prec,mm,/uf(yi < B, T) = Z I with pr = |C|
., D; j
’ (5.8)

S7p)
_

IC]

Proof of Decomposability: The proof, which is given in Equation 5.9 below, shows Lemma 5.1 to be
hold, when using micro-averaged precision together with the rule-dependent evaluation strategy for
measuring the performance of a multi-label head rule Y « B. As required by Lemma 5.1, the perfor-
mance calculation can be rewritten in terms of measuring the performances of single-label head rules
§; « B with §; € ¥ and averaging the obtained results afterwards by using the arithmetic mean opera-
tion. Rewriting the equation is possible, because all of the single-label head rules share the same body
B and therefore cover the same number of examples |C|. This observation corresponds to Equation 5.8,
which is given above.

> STP

A .)A/iE? J . . X
5prec,mm,}K(Y <B,T) :—j , with pr =|C|, Vi
ZA Zpi j
yiey J
5. srp]
_yiEY J
Y- IC|
I (5.9)
yiey J
Y] [«
TP
1 3
== ]ICI > c.f (5.8), last line
|Y| yiE?
—_— 1 A
zl?l ) Z 6prec,mm,}K(yi (_B: T)

‘)A/iEYA'

48



Equation 5.9 proves Lemma 5.1 to be met, when micro-averaged precision is used together with the
rule-dependent evaluation strategy. As a result, said evaluation function is implied to be decomposable
according to Definition 3.3. Furthermore — because of Lemma 3.1 —, the evaluation function can be
considered to be anti-monotonous according to Definition 3.1 as well. [ |

5.1.1.2 Label-based Averaging

When using label-based averaging together with the rule-dependent evaluation strategy, the calculation
of a multi-label head rule’s performance is in accordance with Lemma 5.1 per se. This is, because of said
averaging strategy’s definition, which is given in Equation 2.10. It states, that a label-based performance
calculates as the label-wise arithmetic mean of the performances, which are obtained for each label
individually. Such as Lemma 5.1 requires, this corresponds to single-label head rules §; < B with §; € Y.
However, the proof, which is given in the following, shows, that utilizing label-based averaging for
measuring the precision of a multi-label head rule Y « B is even equivalent to using micro-averaging,
as discussed in the previous section.

Proof of Decomposability: Equation 5.12 is based on the fact, that the precision of a single-label head
rule y; « B is calculated according to Equation 5.8, regardless of whether micro-averaging or label-
based averaging is used. This enables to rewrite the calculation of label-based precision in terms of using
micro-averaged precision, as shown in the second line of Equation 5.10. As the rewritten term equals
the last line of Equation 5.9, label-based precision and micro-averaged precision can be considered to be
equivalent when using the rule-dependent evaluation strategy.

2. TP

A 1 j . i . . .
5prec,mM,}K(Y «—B,T)= 7] . Z = with Zp{ =|C|, Vi > cf. (5.8), first line
_)A/l'E? ; i j
1 (5.10)
= 7] . Z 5prec,mm,);((j\/i «—B,T) > cf. (5.9), last line
yiE?

E5prec,mm,fk{(? «—B,T)

Equation 5.10 shows, that label-based precision is equivalent to micro-averaged precision, when using
the rule-dependent evaluation strategy. As the latter variant is proved to be decomposable in Section
5.1.1.1, its label-based counterpart is implied to be decomposable as well. [ |

5.1.1.3 Example-based Averaging

When using example-based averaging for measuring the performance of a rule, according to Equation
2.9, a heuristic value is calculated for each of the data set’s examples at first. Finally, the overall perfor-
mance results from the arithmetic mean of all obtained values. Equation 5.11 shows, how the example-
based precision of a single-label head rule y; < B is calculated according to that definition. As only one
label takes part in the equation, a single prediction is made for each covered example. For examples,
which are not covered by the rule, no predictions are made at all. Consequently, the heuristic values,
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which are obtained for uncovered examples, always evaluate to 0. Because of this, the calculation can
be rewritten to solely depend on the number of true positives, as it is shown in Equation 5.11 below.

A L TB e ieo)
5prec,Mm,,K(yi <B,T) “m Z pj » with TP/=0, Vj(X;¢C)
i Fi

1 .
= 'ZTPiJ (5.11)
j

TP/
= g
Proof of Decomposability: Equation 5.12 shows, how the example-based precision of a multi-label
head rule ¥ « B, which contains an arbitrary number of label attributes ; in its head Y, is calcu-
lated. By rewriting the equation to solely depend on true positives — similar as shown in Equation 5.11
above —, it can be proved that the performance calculation is in accordance with Lemma 5.1. Rewriting
the equation is based the following observation: On the one hand, for examples, which are covered by
the body B, exactly |Y| predictions are made. This corresponds to number of label attributes, which are
contained by the rule’s head. On the other hand, if an example is not covered by the rule, no prediction
is made and the corresponding heuristic value evaluates to O.

J .
) E? TP, S pi=i?1, vixsec)
A T . 7 Y
5 P B T)=— > F o with "7
precanm i )= 25 M S i i)
J A pl _)A/ie?
JieY

oz
_1 Jiey
m Z 7]

j (5.12)
1 TP/
‘mézm
1 TP/
=" > c.f (5.11), last line
7 22 61D
yiey J
1 N
= Z 5prec,Mm,)K(yi (_B: T)
|Y| _)A/iEYAv

According to Equation 5.12, example-based precision can be rewritten in terms of measuring the per-
formances of single-label head rules y; « B with j; € Y and averaging the obtained heuristic values
afterwards. This corresponds to the equation, which is given in Lemma 5.1. Because the lemma is shown
to be met, it follows, that example-based precision is decomposable according to Definition 3.3. More-
over — because of Lemma 3.1 —, said evaluation function can also be considered to be anti-monotonous
according to Definition 3.1. [ |
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5.1.1.4 Macro-Averaging

According to the definition of macro-averaging, which is given in Equation 2.11, when using said aver-
aging strategy, a heuristic value is obtained for each example and label at first. All of the values, which
are obtained in that way, are finally aggregated to a single performance by either first calculating the
example-wise arithmetic mean and then calculating the label-wise arithmetic mean, or vice versa. The
first of both orders is utilized in the following in order to show, that the use of macro-averaging is equiva-
lent to the use of example-based averaging, as considered in Section 5.1.1.3. Such as all considerations,
which are made in the current section, this corresponds to measuring the performance of multi-label
head rules using the precision metric and utilizing the rule dependent evaluation strategy.

Proof of Decomposability: In Equation 5.13, the calculation of a multi-label head rule’s performance,
according to the definition of the precision metric and macro-averaging, is given. As already mentioned,
the calculation is based on averaging first example-wise and then label-wise. Because for each example
and label the performance either evaluates to 0 or 1, depending on whether a true positive is covered,
or not, it is possible to rewrite the calculation to solely depend on true positives. As the second line of
Equation 5.13 illustrates, the rewritten variant of the calculation is in accordance with Equation 5.12.
Because of this, it follows, that macro-averaged precision is equivalent to example-based precision, when
using the rule-dependent evaluation strategy.

, 1 1 — TP\ . TP —
5prec,MMvK(Y<—B,T)=A|-Z —-> =L |, with —- = TP/, Vivj

J
|Y yiey m j pi pi
1 TP/
== > > — > c.f (5.12), line 4 (5.13)
Y| ;=5 m

E5prec,Mm,fo(? «—B,T)

Equation 5.13 shows, that macro-averaged precision is equivalent to example-based precision, when us-
ing the rule-dependent evaluation strategy. The example-based variant of the precision metric is proved
to be decomposable in Section 5.1.1.3. Because of this, the its macro-averaged counterpart is implied to
fulfill the properties of decomposability, which are given in Definition 3.3, as well. [ |

5.1.2 Recall

The recall metric measures the percentage of labels, which are predicted to be relevant by a rule, among
all labels, which are relevant according to the ground truth. According to Equation 2.13, this corresponds
to the percentage of true positives among true positives and false negatives. In contrast to precision,
when using the recall metric for measuring the performance of a rule, uncovered examples have an
impact on the resulting performance. This is, because false negatives are taken into account by the
performance evaluation. According to Algorithm 17, false negatives result from the relevant labels
of the examples, which are not covered by a rule. As no predictions are made for these uncovered
examples, their relevant labels are not predicted despite their relevance. In the following subsections,
the recall metric is examined in terms of anti-monotonicity, respectively decomposability, when using
micro-averaging, label-based averaging or macro-averaging together with the rule-dependent evaluation
strategy.
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5.1.2.1 Micro-Averaging

The proof, which is shown in the following, is based on the fact, that the micro-averaged recall of a
multi-label head rule Y « B can be calculated as the mediant of the performances, which are obtained
for corresponding single-label head rules y; < B with y; € Y. In mathematics, the mediant of two or
more fractions g}, ..., 3 with a; > 0 and b; > 0 is defined as the fraction, which results from summing
up the numerators and denominators of the given fractions [Bensimhoun, 2013]:

a a a+..+a
m(b—lb—): ﬁ,with a;,b; €N (5.14)
1 n 1+ + bp Mediant

A well-known property of the mediant, which is called “mediant inequality”, states, that the mediant
strictly lies between the fractions it is calculated from. According to this property, the following inequality
holds [Bensimhoun, 2013]:

a a a a a a
min(b—l,...,b—") < m(b—l,...,b—”) < max (b—l,,b—") (5.15)
1 n 1 n 1 n Mediant inequality

As a special case, if all of the fractions %, . Z—Z are equal, their mediant is equal to all of the fractions
as well. With respect to the property of the arithmetic mean, which is introduced in Equation 5.7, this is
referred to as the mediant’s “value preservation” property in the following.

a a a a a a
m(b—l,..., b—") = b—l =..= b—" , with b—l =..= b—” (5.16)
1 n 1 n 1 n Value preservation

In the following it is proved, that the properties, which are given in Equation 5.15 and 5.16, apply to
the calculation of the micro-averaged recall, when using the rule-dependent evaluation strategy. As the
mediant inequality corresponds to the property, which is given in Definition 3.3 i), whereas the mediant’s
value preservation property corresponds to Definition 3.3 ii), this is sufficient to proof the definition of
decomposability to be met.

Proof of Decomposability: Equation 5.17 shows, how the micro-averaging recall of a multi-label head
rule Y « B is calculated, when using the rule-dependent evaluation strategy. In order to prove the
mediant inequality according to Equation 5.15 to be met, it is assumed without loss of generality, that
the performance of the single-label head rule §, < B with J, € ¥ is the best among all single-label head
rules, whose label attribute is contained in the multi-label head Y. As the = operator indicates, in order
to prove the value preservation property according to Equation 5.16 to be hold, the premise of the proof
at hand can simply be adapted by assuming, that all single-label head rules reach the same performance.

y%y; TP ; TP ; TP

: — , with — > — ,Va(J, 9, €Y Aa#D) (5.17)
> 2P P, 2P ’

] j J

_}A/ie? J

3

5rec,mm,}i{(? < B, T) =

As it can be seen in Equation 5.17, the micro-averaged recall of the multi-label head rule ¥ « B is calcu-
lated by summing up the denominators and numerators of the fractions, which denote the performances
of the corresponding single-label head rules. This corresponds to the definition of the mediant operation
given in Equation 5.14. According to the premise of the proof, the single-head rule y, < B is considered
to reach the best performance, whereas the remaining single-label head rules y, < B reach a lower
performance.
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In order to prove the properties of decomposability to be met, it must be shown, that the recall of the
multi-label head rule Y « B is less than the recall of the best single-label head rule y, < B. This
corresponds to Definition 3.3 i). In order to prove Definition 3.3 ii) to be met, it must be shown, that
the performance of the multi-label head rule ¥ « B is equal to the recall of all single-label head rules
¥p < B and y, < B accordingly.

6rec,mm,}X(? «— B’ T) §5rec,mm,/K(yb — B, T)
> XTP, TP
yiev J j

zzﬁ:;ﬁ

)A/iEY ]

STPl X TP
j

v (5.18)
. _yleYJ 4 20
PN IPN
J yiey J
> (szg.ng)_ > (ZTP{-ZP;')
Ji€Y\yp N J J Jie¥\gp \J j >0
PR ADIPN -
j yiev J

In order to prove Equation 5.18 to be hold, it is rewritten in terms of a single fraction by converting both
fractions, which take part in the original form of the equation, to like quantities. For this reason, the de-
nominators of both fractions are multiplied with each other and the numerators are adapted accordingly.
As a result, the equation can be proved to be hold by showing, that the fraction’s numerator is positive —
respectively equal to 0. The formula, which finally proves the assumption given in Equation 5.18 to be
true, is shown in Equation 5.19 below. It is based on the proof’s premise, which is originally introduced
in Equation 5.17. By using cross-multiplication, the equation can be converted into an inequality — re-
spectively an equality when proving 3.3 ii) to be met — similar to the numerator of the fraction, which is
shown in Equation 5.18 above.

Y TP) Y TP]
J J

>pl T 3P
Jj J

\

,Va(3a, 7y €Y Aa#Db) > c.f (5.17)

>ITP D> PIZ > TP > P, Va (5.5 €V Aa#b)
: . ‘ .

J J J

Z (Z TPZ ZPIJ) = Z (Z TPl.j -ZPZ) > Proofs last line of (5.18) to be hold
Ji€?\gp \ J i Ji€?\gp \ J J

(5.19)
As Equation 5.18 is shown to be hold, the recall metric is proved to meet the properties of decompos-
ability according to Definition 3.3, when used together with micro averaging and the rule-dependent

evaluation strategy. Because of Lemma 3.1, it can also be considered to be anti-monotonous in such
case. [ |

53



5.1.2.2 Label-based Averaging

As mentioned earlier, when using label-based averaging together with the rule-dependent evaluation
strategy for measuring the performance of multi-label head rules, the utilized evaluation function can be
considered to be decomposable per se. This is due to the definition of label-based averaging as given in
Equation 2.10. The proof, which is shown in the following, confirms that.

Proof of Anti-Monotonicity: When using label-based averaging, the recall of a multi-label head rule
Y « B is calculated by obtaining a heuristic value per label and averaging the results afterwards. If a
rule-dependent evaluation is used, this corresponds to the calculation, which is shown in Equation 5.20.

577,
J

A 1
5rec,mM,,K(Y — B’ T) :l?l : Z

flie? ZPLJ
j (5.20)
1 .
E|?| ' Z 5rec,mM,)K(yi — B: T)
yiev

As the calculation, which is shown above, corresponds to the equation, which is given as part of Lemma
5.1, label-based recall is implied to be decomposable when using the rule-dependent evaluation strategy.
Note, that unlike label-based and micro-averaged precision, which are proved to be equivalent in Section
5.1.1, when using said evaluation strategy, label-based and micro-averaged recall are not equivalent. H

5.1.2.3 Example-based Averaging

In the following it is shown, that example-based recall is neither decomposable, nor anti-monotonous,
when using the rule-dependent evaluation strategy, because it fulfills the requirements of monotonicity
according to Definition 3.2. In Figure 2 of Chapter 3 an exemplary search through the label space, which
uses said evaluation strategy, is given. According to Definition 3.3 and Definition 3.1, monotonous
evaluation functions cannot be decomposable, respectively anti-monotonous.

Disproof of Anti-Monotonicity: Equation 5.21 shows, how the recall of a multi-label head rule ¥ « B is
calculated using example-based averaging and the rule-dependent evaluation strategy. According to the
definition of example-based averaging, which is given in Equation 2.9, the overall performance of the rule
is calculated by averaging the heuristic values, which are obtained for each example individually. The
performance for an individual example evaluates to O, if no true positives are covered. As predictions
are only made for examples, which are covered by the rule’s body B, this applies on all uncovered
examples. Furthermore, if at least one true positive is covered, the performance for an example evaluates
to 1. As a result, the performances, which are obtained for individual examples, may either be O or 1.
This particularity becomes more obvious when taking a look at the rewritten form of the performance
calculation, which is shown in the last line of Equation 5.21. It uses the Iverson bracket notation as
introduced in Equation 2.18.

j . .
. Z TP; > Pl=3 TP, vj(X;eC)
A Ji€y o VsV gey
S reerm iV BT =L SIS
rec,Mm,,}:{( ) m Z Z Pl] y%{]TPiJ=O’Vj(Xj¢C)
_)A/ie? l

(5.21)
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According to Equation 5.21, by adding additional label attributes to the head of a multi-label head rule,
the overall performance cannot decrease. If the performance for an example was 0 before, adding the
label attribute may either cause the performance to remain the same, or to become 1, if adding the label
attribute causes a true positive to be covered. If the performance was 1 instead, it is guaranteed to remain
the same, because at least one true positive was already covered before and will still be covered after
adding the additional label attribute. Consequently, no heuristic value, which is obtained for an example,
can decrease as the result of adding a label attribute to the head. Furthermore, because of the properties
of the arithmetic mean (cf. Equation 5.6 and 5.7), the overall performance cannot decrease either. As
a result, example-based recall meets the definition of monotonicity, which is given in Definition 3.2, if
used together with the rule-dependent evaluation strategy. This implies Definition 3.3 and Definition 3.1
to not be met. [

5.1.2.4 Macro-Averaging

When using macro-averaging, the performance of a multi-label head rule is calculated by obtaining
heuristic values for each example and label at first. Afterwards, the overall performance is calculated
by averaging the obtained values first example-wise and then label-wise, or vice versa. The first of both
averaging orders is used to in the following in order to prove, that the recall metric is equivalent to the
precision metric, when using macro-averaging and the rule-dependent evaluation strategy.

Proof of Decomposability: The calculation of the macro-averaged recall, when first averaging example-
wise and then label-wise, is shown in Equation 5.22 below. Such as all considerations, which are made
in this section, the calculation corresponds to using the rule-dependent evaluation strategy. According
to Equation 5.22, the heuristic value, which is obtained for each example and label is either O or 1,
depending on whether a true positive is covered, or not. A similar observation is made in Section
5.1.1.4, which deals with macro-averaged precision. In fact, as Equation 5.22 reveals, the formula for
calculating the macro-averaged recall can be rewritten to match the calculation of the macro-averaged
precision according to Equation 5.13. This shows, that both evaluation metrics are equivalent, if macro-
averaging and the rule-dependent evaluation strategy is used.

, 1 1 <« TP\ TP N
STEC,MM’/X(Y (_B, T) == ,\l M Z - 'Z .l 5 Wlth ].l - TPlJ 5 VlV]

J
Y yie? m R P;
1 TP/ '
=mzz - > c.f (5.13), line 2 (5.22)
.)A/l'GY J

E5prec,MM(? - B, T)
E5prec,Mm(? < B’ T)

As a result of Equation 5.22, the recall metric is proved to be decomposable according to Definition 3.3,
when using macro-averaging and the rule-dependent evaluation strategy. This is due to the equivalence
to its macro-averaged counterpart, which is shown to be decomposable in Section 5.1.1.4. Besides that,
macro-averaged recall can be considered to be equivalent to example-based precision as well, because
the macro-averaged and example-based variants of the precision metric are shown to be interchangeable,
when using the rule-dependent evaluation, in that section as well. [ |
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5.1.3 Hamming Accuracy

Hamming accuracy, as introduced in Equation 2.14, calculates the percentage of correctly predicted rel-
evant and irrelevant labels among all labels. Unlike the precision metric, it does also take true negatives
and false negatives into account and therefore uncovered instances have an impact on the performance
of a rule. In the following subsections, hamming accuracy is proved to be decomposable regarding
the rule-dependent evaluation strategy, regardless of whether it is used together with micro-averaging,
label-based averaging, example-based averaging or macro-averaging.

5.1.3.1 Micro-Averaging

In this section, micro-averaged hamming accuracy is examined in terms of anti-monotonicity, respectively
decomposability. The proof, which is shown in the following, is similar to the one, that is used in Section
5.1.1.1 in order to prove the precision metric to be decomposable, when using micro-averaging together
with the rule-dependent evaluation strategy. It is based on Equation 5.23, which shows how the micro-
averaged hamming accuracy of a rule y; < B, which contains a single label attribute J; in its head, is
calculated.

Z(TPl.j +TN;)
5hamm,mm,)K(JA/i — B7 T) = ’

——— with Y (P/+N/)=m
Z(PiJ+NiJ) J

J (5.23)

Z(TPij +TN;)
J

m
Proof of Decomposability: The proof, which is given in Equation 5.24 below, is based on showing, that
Lemma 5.1 is met. For this reason, said equation, which denotes hows the micro-averaged hamming ac-
curacy of a multi-label head rule Y « B is calculated, is rewritten in terms of averaging the performances
of single-label head rules ¥; « B with j; € Y.
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Rewriting Equation 5.24 to be in accordance with Lemma 5.1 is possible, because — as shown in Equa-
tion 5.23 — the performance for each predicted label calculates as the percentage of true positives and
true negatives among all labels. The total number of labels equals the number of examples, which are
available in the data set, and is denoted as m. As a result of Equation 5.24, which shows Lemma 5.1 to
be met, micro-averaged hamming accuracy is implied to be decomposable according to Definition 3.3,
when using the rule-dependent evaluation strategy. With respect to Lemma 3.1, it further follows, that
said evaluation function can also be considered to be anti-monotonous according to Definition 3.1. H

5.1.3.2 Label-based Averaging

When using label-based averaging together with the rule-dependent evaluation strategy, the used eval-
uation function is always decomposable. As mentioned earlier, this is due to that averaging strategy’s
definition, which is given in Equation 2.10 and which is in accordance with Lemma 5.1. The following
proof does not only show the properties of decomposability to be met, but does also prove label-based
averaging to be equivalent to micro-averaging, when using the hamming accuracy metric for a rule-
dependent evaluation.

Proof of Decomposability: In Equation 5.25 the calculation of a multi-label head rule’s performance,
using label-based hamming accuracy and the rule-dependent evaluation strategy, is illustrated. Accord-
ing to the definition of said averaging strategy, a heuristic value is first calculated per relevant label at
first. The obtained values are then averaged by using the arithmetic mean operation in order to obtain
a single performance. As Equation 5.25 shows, when using label-based averaging, the heuristic value
for an individual label is calculated in the same way as if micro-averaging was used. In Section 5.1.3.1
it is shown, that the micro-averaged hamming accuracy of a multi-label head rule ¥ « B can be calcu-
lated by averaging the performances of single-label head rules J; < B with §; € Y. This does not only
correspond to Lemma 5.1, but is also equal to the second line of Equation 5.25 below. As a result, the
micro-averaged and label-based variants of the hamming accuracy can be considered to be equivalent.

2 (TP +TN))

A 1 j

o A Y B, T)=—f/"- E - -

s - ) Y] yie? > (Pl] + NlJ)
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> c.f (5.23), first line

1 ) ‘ (5.25)
7 : Z Snammmm y(Ji < B, T) > c.f (5.24), last line
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Equation 5.25 shows, that micro-averaged and label-based hamming accuracy are equivalent, when
used for a rule-dependent evaluation. As a result, the label-based variant is implied to be decomposable
according to Definition 3.3. This is a result of the proof, which is given in Section 5.1.3.1 in order to
prove micro-averaged hamming accuracy to be decomposable. [ |

5.1.3.3 Example-based Averaging

When using example-based averaging, according to Equation 2.9, for each example of the data set a
heuristic value is calculated at first. By averaging all of these values using the arithmetic mean operation,
a single performance is finally obtained. The following proof shows, that the example-based variant of
the hamming accuracy metric is not only decomposable, when using the rule-dependent evaluation
strategy, but that it is also equivalent to its micro-averaged counterpart.
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Proof of Decomposability: Equation 5.26 shows, how the example-based hamming accuracy of a multi-
label head rule ¥ « B is calculated, when using a rule-dependent evaluation. According to the definition
of example-based averaging, the evaluation function is applied to each example individually. According
to Equation 2.14, hamming accuracy measures the percentage of true positives and true negatives among
all labels. When using the rule-dependent evaluation strategy, the total number of relevant labels per
example equals the number labels, which are contained in the head Y. As a result, Equation 5.26 can be
rewritten by using the term |Y| for denoting the number of labels. By further exploiting the first-order
homogeneity of the arithmetic mean operation, the equation can be converted into a form, which is equal
to the fourth line of Equation 5.24. Consequently, example-based averaging is proved to be equivalent
to its micro-averaged counterpart, when using the rule-dependent evaluation strategy.
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From the equivalence, which is shown in Equation 5.26, two conclusions follow: On the one hand,
example-based averaging can not only be considered to be equivalent to micro-averaged hamming ac-
curacy, when using the rule-dependent evaluation strategy, but it is also implied to be equivalent to the
label-based variant. This is, because the use of label-based averaging is shown to be equivalent to using
micro-averaging in Section 5.1.3.2. On the other hand, example-based hamming accuracy is implied to
meet the properties of decomposable evaluation functions. This implication is based on Section 5.1.3.1
in which it is shown, that micro-averaged hamming accuracy fulfills Definition 3.3. [ |

5.1.3.4 Macro-Averaging

According to Equation 2.11, when using macro-averaging, the evaluation function is first applied to each
example and label individually. In order to obtain a single heuristic value, the performances, which are
calculated in that way, are finally averaged by using the arithmetic mean operation first example-wise
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and then label-wise, or vice versa. The first of both averaging orders is used in the following in order
to prove macro-averaging to be equivalent to micro-averaging, when used together with the hamming
accuracy metric and the rule-dependent evaluation strategy.

Proof of Decomposability: Hamming accuracy measures the percentage of correctly predicted relevant
and irrelevant labels among all labels. When using macro-averaging, the evaluation function is applied
to each example and label individually. As it is shown in Equation 5.27 below, the total number of
labels evaluates to 1 in such case. By exploiting the first-order homogeneity of the arithmetic mean
operation, the equation can be rewritten as shown in the third line of Equation 5.27. The rewritten form
of the equation corresponds to the fourth line of Equation 5.24. As a result, macro-averaged hamming
accuracy and its micro-averaged counterpart are shown to be equivalent, when used together with the
rule-dependent evaluation strategy.
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As a result of Equation 5.27, which proves macro-averaged hamming accuracy to be equivalent to micro-
averaged hamming accuracy, when using the rule-dependent evaluation strategy, the macro-averaged
variant is implied to be decomposable according to Definition 3.3. This is, because micro-averaged
hamming accuracy is shown to be decomposable in Section 5.1.3.1. Furthermore, as the use of label-
based, as well as example-based averaging is shown to be equivalent to using micro-averaging in Section
5.1.3.2, respectively in Section 5.1.3.3, it follows that macro-averaged hamming accuracy is equivalent
to both of these variants as well. As a conclusion it can be stated, that all averaging strategies — namely
micro-averaging, label-based averaging, example-based averaging and macro-averaging — are equivalent
when used together with the hamming accuracy metric and the rule-dependent evaluation strategy. M

5.1.4 F-Measure

According to Equation 2.16, the F-Measure is defined as the weighted harmonic mean of precision and
recall, where the weight of the recall is 32-times the weight of the precision. If 3 = 0, the F-Measure is
equal to the precision metric and therefore the considerations in this section focus on scenarios where
f > 0. In general, the harmonic mean of two positive real numbers x; and x, with weights w; and w,
is defined as follows:

wiq + 1)
H(xl,xz) = m (5.28)
X1 X2 Harmonic mean
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Such as the arithmetic mean, the harmonic mean is one of the Pythagorean means and therefore both
operations share some common properties [Heath, 1921]. If w;,w, > 0, the weighted harmonic mean
strictly lies between the values it is calculated from. In the remainder of this work, this is referred to as
the “averaging” property of the harmonic mean:

min(xq, x,) < H(x1,x5) < max(xy,x,) (5.29)
Averaging

Furthermore, if the harmonic mean is calculated from two equal values, its “value preservation” property
applies. Said property states, that the harmonic mean of two identical values equals the given values,
regardless of their weights:

H(xl,xz)le = X9 ,Wlth X1 = Xy (5.30)
Value preservation

The F-Measure can be rewritten in terms of the harmonic mean function H, where the recall has a weight
of B2 and the precision has a weight of 1 (cf. 2.16). As a result, if f > 0, the “averaging” and “value
preservation” properties, which are introduced in Equation 5.29, respectively Equation 5.30, also apply
to the F-Measure.

5.1.4.1 Micro-Averaging

The following proof shows, that the micro-averaged F-Measure is decomposable, when using the rule-
dependent evaluation strategy. The proof is based on micro-averaged recall and precision being proved to
be decomposable in Section 5.1.2.1, respectively in Section 5.1.1.1, when using said evaluation strategy.
As multiple evaluation functions take part in the proof, different notations are necessary to distinguish
between the best possible performance according to different evaluation functions. For example, the best
possible performance according to the F-Measure is denoted by using the following syntax:

F
ht (5.31)
Furthermore, the following proof is based on the fact, that the best possible performance according to
the F-Measure can not be greater than the maximum of the best performances according to recall and
precision. This inequality is denotated by Equation 5.32 below:

hfnax < max (hrr:;x’ hilr;;) (532)
Proof of Decomposability: Equation 5.34 proves the first property of decomposability, which is given in
Definition 3.3 i), to be met. By rewriting the F-Measure in terms of the harmonic mean operation H, the
equation is converted to solely depend on micro-averaged recall and precision. Both of these metrics are
shown to fulfill the property, which is given in Definition 3.3 i), in Section 5.1.2.1, respectively in Section
5.1.1.1. Furthermore, as the premise of the proof, it is assumed, that the best possible performance
according to the recall metric is greater or equal than the best possible performance according to the
precision metric:

hrec > hprec (5'33)

max — max
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This assumption can be made without loss of generality, because the Equation 5.34 can easily be adapted
to the opposite, i.e. to a premise, where the best possible performance according to the precision metric
is greater or equal than the best possible performance according to the recall metric.
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In Equation 5.34 is assumed, that the F-Measure of a single-label head rule y; < B is less then the
best possible performance (cf. Equation 5.34, line 1 and 2). This is in accordance with the equation,
which is given in Definition 3.3 i). Note, that —according to the premise of the proof — the best possible
performance hfnax cannot be greater than h ** . Because the F-Measure can be rewritten as the harmonic
mean H of precision and recall, it follows from the averaging and value preservation properties of the
harmonic mean operation (cf. Equation 5.29 and Equation 5.30), that either the recall or the precision
of the single-label rule y; «<— B must be less than the best possible performance hF .» respectively h’*" .

max*
Due to the inequality, which is given in Equation 5.33, h’* can be con51dered as an upper limit for

both recall, as well as precision (cf. Equation 5.34, line S)ma)lgurthermore, from the decomposability of
the precision and recall metric, it follows, that a multi-label head rule Y « B, which contains the label
attribute y; in its head, cannot outperform the best possible performance hfnax (cf. Equation 5.34, line
5, 7 and 8). In order to prove the second property of decomposability to be met, Equation 5.35 uses a

similar approach. However, it is not based on the premise, which is given in Equation 5.33.
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From Equation 5.34 and Equation 5.35 follows, that the F-Measure meets the properties of decomposable
evaluation functions according to Definition 3.3, when using micro-averaging together with the rule-
dependent evaluation strategy. Although the given proof does only apply if 8 > 0, the evaluation function
can be considered to be decomposable regardless of the f3-parameter’s value. This is, because the F-
Measure is equivalent to the precision metric, if § = 0. Precision is shown to be decomposable, regarding
micro-averaging and the rule-dependent evaluation strategy, in Section 5.1.1.1.

|

5.1.4.2 Label-based Averaging

Proof of Decomposability: As already mentioned, when using label-based averaging for measuring the
rule-dependent performance of multi-label head rules, the used evaluation function is always decompos-
able. This does also apply, when using the label-based F-Measure. In Equation 5.36 the calculation of
multi-label head rule’s performance according to said evaluation function and using the rule-dependent
evaluation strategy is illustrated. As it can be seen, a heuristic value is obtain for each relevant label at
first. The overall performance of the given rule finally results from averaging all obtained values using
the arithmetic mean operation.

A 1
5F,mM,,K(Y <B,T)= . Z 5F,mM,/L((j/i < B,T) (5.36)

)A/i ey

The calculation, which is shown in Equation 5.36, corresponds to the equation, which is part of Lemma
5.1. As the fulfillment of Lemma 5.1 is sufficient for Definition 3.3 to be met, the label-based variant of
the F-Measure can be considered to be decomposable, if the rule-dependent evaluation strategy is used.
The given proof does apply, regardless of which f3-parameter is used to trade-off between precision and
recall.

|

5.1.4.3 Example-based Averaging

In this section, the F-Measure is examined in terms of anti-monotonicity, respectively decomposability,
when using example-based averaging together with the rule-dependent evaluation strategy. The proof,
which is given in the following, is based on rewriting the calculation of a multi-label head rule’s per-
formance according to Equation 5.37. The equation uses the (weighted) harmonic mean operation H
in order to denote the F-Measure of an individual example of a training data set. It is further based
on the observation, that recall and precision both evaluate to 0, if no true positives are covered for an
example. If at least one true positive is covered, the recall always evaluates to 1, instead. In such case,
the F-Measure, which is obtained for an individual example, can be denoted as the harmonic mean of 1
and the heuristic value, which is calculated by using the precision metric. Because the recall is constant,
for examples for which any true positives are covered, the F-Measure solely depends on the precision
metric in such case.

¥ TP
) 1 H{1,ZZ— |, it 3 TP/ >0
Sipm(¥ < B,T) = — ZJ: yizapi Pt (5.37)
0, otherwise

Proof of Decomposability: In Equation 5.38 and Equation 5.37, the F-Measure is proved to meet the
properties of decomposability, when using example-based averaging and a rule-dependent evaluation. In
Equation 5.38, the first property of decomposable evaluation functions, which is given in Definition 3.3
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i), is shown to be met. In Equation 5.39, the property which corresponds to Definition 3.3 ii), is proved to
be fulfilled accordingly. Both equations are based on the observation, that the example-based F-Measure
of a rule primarily depends on the precision metric, as revealed by Equation 5.37. Consequently, if the
F-Measure of a single-label head rule y; < B is less than the best possible performance h,,,,, it follows
from the averaging and value preservation properties of the harmonic mean (cf. Equation 5.29 and
Equation 5.30), that the precision of that rule is less than h,,,, as well (cf. Equation 5.38, line 1 and 2).
The example-based variant of the precision metric is shown to be decomposable in Section 5.1.1.3, when
using the rule-dependent evaluation strategy. Therefore it is implied, that the precision of a multi-label
head rule ¥ « B is less than h,,,,, if one of the corresponding single-label head rules with heads j; € ¥
does not reach that performance (cf. Equation 5.38, line 3). As the F-Measure calculates as the harmonic
mean of recall and precision and because the recall is always 1 — respectively 0, if the precision is 0
as well — from the averaging and value preservation properties of the harmonic mean follows, that the
F-Measure of a multi-label head rule ¥ « B is less than h,,,, in such case as well (cf. Equation 5.38, line
5 and 6).

Ji(y: €V A O pmmp(Ji = B, T) < Rimax)

w.rt. (5.30), (5.29) _
——

and (5.37) i (')A/l SYA 5prec,Mm,}X(.)A/i < B, T) < hmax)

w.r.t. decomposability of

)5prec,Mm,}X(? — B’ T) < hmax (538)

5prec,Mm,‘H_/

w.rt. (5.30), (5.29)
——

and (5.37) H (5rec,Mm,}K(Y « B’ T): 5prec,Mm,}K(Y « B’ T)) < hmax

ESF’Mm’)K(lA/ «—B,T) <hpey

In order to prove the second property of decomposability, which is given in Definition 3.3 ii), to be met
by the example-based F-Measure, Equation 5.39 is used. It is based on similar implications as discussed
above.

6F,Mm,}K(j\/i <—B, T) = hmax > Vj\/l (.)A/l € ?)

w.rt. (5.30), (5.29)

A

d 537) Spreemp(Ji — B, T) = hpay , Vi (3;€7)

w.r.t. decomposability of

)5prec,Mm,}X(? — B’ T) = hmax (539)

5prec,Mm,‘H_/

w.rt. (5.30), (5.29)
——

and (5.37) H (5rec,Mm,}K(Y — B’ T), 5prec,Mm,}K(Y — B’ T)) = hmax

ESF’Mm’)K(lA/ «—B,T)=hu

Equation 5.38 and Equation 5.39 prove, that the properties of decomposability, according to Definition
3.3, are met, when using example-based F-Measure together with the rule-dependent evaluation strategy
for measuring the performance of multi-label head rules. The proof, which is given in this section, is
independent of the used f3-parameter. [ |
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5.1.4.4 Macro-Averaging

When using macro-averaging for measuring the performance of a multi-label head rule, a heuristic value
is obtained per example and label beforehand. By averaging the obtained values first example-wise and
then label-wise, or vice versa, a single performance can be calculated afterwards. Based on the first of
both averaging orders, the following proof shows, that the macro-averaged F-Measure is equivalent to
macro-averaged recall and precision, when using the rule-dependent evaluation strategy.

Proof of Decomposability: Equation 5.40 shows, how the macro-averaged F-Measure of a multi-label
head rule Y « B is calculated, when using the rule-dependent evaluation strategy. The equation is
written in terms of the (weighted) harmonic mean operation H, which is used to trade-off between
recall and precision.

(Y < B, T)=

1 1 TP/ TP/ TP} TP ;.

|Y| $;e? j p; i b;
:l 7 Z ( ZH TPJ TPJ ) > (5.30) applies
yie¥
5.40
> c.f (5.13), line 2 and (5.22), line 2 ( )
yl€Y J

Eérec,MM,)X(? «—B,T)
Eaprec,MM,)Z(Y «—B,T)

E5prec,Mm,}K(? - B7 T)

As shown in Equation 5.40 above, for each example and label, recall and precision both evaluate to
either 0 or 1, depending on whether a true positive is covered, or not. This particularity corresponds
to observations, which are made in Section 5.1.2.4 and Section 5.1.1.4. As a result, due to its value
preservation property (cf. Equation 5.30), the harmonic mean - and consequently the F-Measure — of
the heuristic values, which are obtained for each example and label, is always identical to recall and
precision. This implies, that the F-Measure is equivalent to both, the recall and precision metric, when
using macro-averaging together with the rule-dependent evaluation strategy. Due to this equivalence,
the macro-averaged F-Measure is proven to be decomposable according to Definition 3.3, if the rule-
dependent evaluation strategy is used. This is, because the macro-averaged variants of the recall and
precision metrics are shown to fulfill said definition in Section 5.1.2.4, respectively Section 5.1.1.4.
Furthermore, macro-averaged precision is shown to be equivalent to example-based precision in Section
5.1.1.4. As a result, the macro-averaged F-Measure is implied to be equivalent to that evaluation strategy
as well. The equivalences, which are shown in Equation 5.40, are independent of the f-parameter’s
value. [ ]

5.1.5 Subset Accuracy

According to the definition of subset accuracy, which is given in Equation 2.18, this evaluation metric
measures the percentage of perfectly predicted label vectors among all examples of a data set. When
using the rule-dependent evaluation strategy, a label vector is considered to be predicted perfectly, if all
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labels, which are set by a rule, are predicted correctly. The labels, which are not predicted by a rule, are
not taken into account in such case. As already mentioned in Section 2.3.3, the subset accuracy metric is
only defined in terms of using example-based averaging. Therefore the remaining averaging strategies,
which are discussed in Section 2.3.2, must not be considered at this point. In the following proof,
which shows, that subset accuracy meets the properties of anti-monotonicity, the evaluation function is
written in terms of true positives and true negatives as shown in Equation 5.41 below. According to said
equation, the performance for an individual example evaluates to 1, if the number of correctly predicted
labels (true positives and true negatives) equals the number of labels, which are predicted by a rule. If
the sum of true positives and false negatives is less than the number of predicted labels, at least one label
is predicted incorrectly and the performance therefore evaluates to 0.

N 1 ; ; N
) Y «—B,T)=—-" TP + TN/) = Y| (5.41)
acc, m ZJ: ylzei;( i 1)
Proof of Decomposability: The proof, which is shown below, proves the properties of anti-monotonicity,
according to Definition 3.1, to be met by the subset accuracy metric, when using the rule-dependent
evaluation strategy. In Equation 5.42 two multi-label head rules f/p «— B and Y, « B take part. In
accordance with the equation, which is given in Definition 3.1, both rules share a common body B and
the head Y, is assumed to contain additional label attributes besides those of f/p. Furthermore, it is

assumed, that the rule lA/p « B outperforms the rule ¥, < B.

Y, €Y A8 e ylYs < B, T) < 8y yAY, < B, T)

= = Z > (TP +TN])= 7| %Z > (TPl +TN))= 7| < My
] i

yie¥ yiey

Y,<B,T ¥,—B,T

=3j| 0= | > (TP/+TN])=|?| < | D (TPl +1N]) =7 =1

A‘GA n AAGA A
yiet VBT yicy ¥, <B,T

zayiaj(yief/ (TP/ +TN)) < Y] )
Y«—BT

i 3:€ VoA (TP +TN) < Y]

),v (f.c?,)
Y(—BT

E5acc,}i{(?a < B, T) < hmax > v?a( s C a)
(5.42)
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In Equation 5.42 it is concluded, that when using the rule ¥, < B, the performance for at least one
example is less, than when using the rule ?p < B (cf. Equation 5.42, third line). As the performance
for an individual example may either be 0 or 1, the performance for said example must evaluate to 0,
when evaluated against the rule ¥, « B, respectively to 1, when considering the rule f/p < B. Because
the performance only becomes 0, if the number of correctly predicted labels is less than the number of
predicted labels, this leads to the conclusion, that the head lA/p contains at least one label attribute y;,
which predicts the corresponding label A; of the respective example incorrectly. By adding additional
label attributes, the label A, will still be predicted incorrectly. Therefore, for all multi-label head rules
Y, « B, which result from adding additional label attributes to the head Y,, the performance of the
respective example evaluates to 0. This implies, that by adding additional label attributes to the rule
Y, « B, neither the performance of the rule ?p < B, nor the best possible performance h,,,,, can be
reached. As this is in accordance with Definition 3.1, the properties of anti-monotonicity are shown to
be met by the subset accuracy metric, when using the rule-dependent evaluation strategy. [ |

5.2 Rule-independent Evaluation

In this section, the evaluation functions, which are given in Section 2.3.3, are examined in terms of anti-
monotonicity and decomposability, when using the rule-independent evaluation strategy. As discussed
in Section 3.1, all labels, regardless of whether they are predicted by a rule, or not, must be taken into
account by a rule-independent evaluation. If a label is not set by a rule, it is assumed to be predicted
as irrelevant. In order to simplify the notation of the proofs, which are shown throughout this section,
the following functions r, T — N are used. The function T P:;mx returns the maximum number of true
positives a rule r may cover, regarding the label A; of a data set T. The return value of that function
solely depends on the examples, which are covered by the rule’s body. It does not take the rule’s head
into account, but returns the maximum number of true positives the best possible head could reach.

TP (nT)=max| >, [viey;=1], >, [yev;=0] (5.43)
(x;,Y;)eC (X;,vj)eC

The function TP,,,, is similar to the function, which is given above. It returns the maximum number of
true positives, which can be reached by a rule r on a data set T. Unlike the function TP! , which does
only consider a single label, the return value of the function TP,,,, depends on all available labels.

TPa(r, T) == TP (5.44)
i

In addition to the functions, which are shown above, the variable h,,,, is used to denote the best possible
performance, which can be reached on a data set, using a specific evaluation function and averaging
strategy. This corresponds to the semantic of the variable h,,,, as used in Definition 3.1 and Definition
3.3. In the following proofs, the variable h,,,, is used as a “symbolic” value. The actual value, which
depends on the used evaluation function and averaging strategy, is usually not given. Moreover, in the
context of label-based averaging, the variable hfmx is used to denote the best possible performance,
which can be reached for an individual label A,.

5.2.1 Precision

In this section, the precision metric is examined in terms of anti-monotonicity, when used together with
the rule-independent evaluation strategy. As shown in the following subsections, said evaluation function
meets the properties of anti-monotonicity, regardless of whether micro-averaging, label-based averaging,
example-based averaging or macro-averaging is used.
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5.2.1.1 Micro-Averaging

Equation 5.45 illustrates, how the micro-averaged precision of a multi-label head rule ¥ « B is cal-
culated, when using the rule-independent evaluation strategy. According to Equation 2.12, precision
measures the percentage of true positives among the labels of all covered examples. Whereas the num-
ber of covered examples is denoted as |C|, the number of labels corresponds to the variable n.

R

A i ) )
5prec,mm,L(Y «— B, T) :—j , with Zpr =n- |C’|

- Zpi L

- (5.45)

ZX TP
n-lc|

Proof of Anti-Monotonicity: In Equation 5.46, the precision metric is shown to meet the properties of
anti-monotonicity, when using the rule-independent evaluation strategy. In accordance with Definition
3.1, which formally specifies the properties of anti-monotonicity, two multi-label head rules ffp < B and
Y, « B take part in the equation.

?p - ?s A 5prec,mm,1(?s — B: T) < 5prec,mm,1(?p - B’ T)

23 TP 23 TP
i j i j

_ < — <
n-|C| n-|C| e
YyB,T Y, —B,T

= > > TP/ <> > TP
i j i J

<TP
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Y,«<B,T VB
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=3i| > TP <TP!
J Y,<B,T
(5.46)
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E5prec,mm,L(Ya — B: T) < hmax ’ V?a ( As C Aa)

67



Whereas the rules lA/p « B and Y, « B, which take part in Equation 5.46, share a common body B,
their heads differ. The head ¥, is assumed to contain additional label attributes besides those of the
head ?p. Moreover — in accordance with Definition 3.1 —, the rule f/p < B is assumed to reach a higher
performance than the rule ¥, < B. In the second line of Equation 5.46, the performance calculations
regarding the rules lA/p < B and f/s < B are rewritten with respect to Equation 5.45. As both of the
resulting fractions share a common denominator n - |C|, it is implied, that the difference between both
rules’ performances exclusively results from the true positives they cover. Because the performance of
the rule Y, « B is assumed to be less than the performance of the rule Yp < B, the first rule is implied
to cover less true positives than the latter. As a consequence, the rule Y, < B cannot reach the best
possible performance h,,,, (cf. Equation 5.46, line 3). If the maximum number of true positives is not
reached by a rule, this is, because for at least one label less true positives than possible are covered —i.e.
for a label A; the rule Y, < B does not reach Tanax (cf. Equation 5.46, line 4). By adding additional
label attributes to the head ¥,, the maximum number of true positives TP, . cannot be covered either,
because the label for which TP:;mX is not reached, is still contained in the head (cf. Equation 5.46, line
5 and 6). As a result, no rule lA/a « B, which results from adding additional label attributes to the head
of the rule Y, « B, are able to reach the best possible heuristic value h,,,. As this is in accordance with
Definition 3.1, the definition of anti-monotonicity is met. Consequently, the precision metric is shown to
be anti-monotonous, when used together with micro-averaging and a rule-independent evaluation. N

5.2.1.2 Label-based Averaging

Proof of Anti-Monotonicity: Equation 5.47, which is shown below, proves the use of label-based av-
eraging to be equivalent to the use of micro-averaging, regarding the precision metric and a rule-
independent evaluation.

2. TP

A 1 j . i .
6prec,mM,L(Y < B,T) :E : Z i with Zp{ = |C| , Vi
i i j

J

ZXTR
_T

~ n-C|

(5.47)

> c.f (5.45), last line

E6prec,mm,L(? « B, T)

As Equation 5.47 illustrates, when using label-based averaging, a heuristic value is calculated for each
available label. By averaging the obtained values, a single performance can be computed afterwards. The
heuristic value, which is obtained for each label, calculates as the percentage of true positives among
all covered examples |C|. This particularity can be exploited in order to rewrite the calculation to be in
accordance with Equation 5.45. As Equation 5.45 corresponds to the use of micro-averaging, it follows,
that label-based precision is equivalent to micro-averaged precision, when using the rule-independent
evaluation strategy. Moreover, as the latter variant is shown to be anti-monotonous in Section 5.2.1.1,
label-based precision is implied to meet the definition of anti-monotonicity as well. [ |

5.2.1.3 Example-based Averaging

The proof, which is given in the following, in order to prove example-based precision to be anti-
monotonous, when using the rule-independent evaluation strategy, is similar to the one, which is given
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in Section 5.2.1.1 above. It is based on Equation 5.48, which shows, how the performance of a multi-
label rule ¥ « B is calculated. According to the definition of example-based averaging, which is given in
Equation 2.9, heuristic values are obtained for each example at first. According to the precision metric,
these values measure the number of true positives among all labels n. The overall performance of a
rule finally results from the arithmetic mean of the heuristic values, which have been obtained for the
individual examples. The variable m is used to denote the total number of examples, which are available
in a data set.

.
5prec,Mm,L(?(_B:T) :_'Z - 7 , with Zp{=n,Vj(Xj€C)
m J Zi i
i
3T
_T5

(5.48)

n-m

Proof of Anti-Monotonicity: Equation 5.49 shows, that the equation, which is given in Definition 3.1
is met, when using example-based precision together with the rule-independent evaluation strategy. In
accordance with Definition 3.1, it includes two multi-label head rules ?p « B and Y, < B, which share a
common body B.

?p - ?s A 5prec,Mm,L(?s — B: T) < 5prec,Mm,L(?p — B, T)
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= > > TP/ <> > TP <TP,..
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In Equation 5.49, the rule Y, « B is assumed to contain additional label attributes beyond those of the
rule lA/p < B in its head. It is further assumed to reach a lower performance than the rule lA/p < B. When
rewriting the performance calculations, which are given in the first line of Equation 5.49, with respect
to Equation 5.48, it follows from the premise of the proof, that the rule ¥, < B covers less true positives
than the rule lA/p < B. This further implies, that the number of true positives, which are covered by the
rule ¥, « B, is less than the maximum number of true positives TP, (cf. Equation 5.49, line 3). When
considering each label individually, it can be stated, that for at least one label A; the maximum number
of true positives TPrl;mx is not reached by the rule Y, < B (cf. Equation 5.49, line 4). When creating rules
Y. « B by adding additional label attributes to the head ¥, of said rule, all of these rules still predict
the same value for label A; and therefore are not able to reach the maximum number of true positives
TPTinax either (cf. Equation 5.49, line 5). As a result, all rules, which result from adding additional label
attributes, do not cover as many true positives as the best possible rule is able to cover and therefore
none of them reaches the best possible performance h,,,,. As this is in accordance with Definition 3.1,
the precision metric is proved to be anti-monotonous, when used together with example-based averaging
and the rule-independent evaluation strategy. [ |

5.2.1.4 Macro-Averaging

Proof of Anti-Monotonicity: When using macro-averaging for measuring the performance of a rule,
heuristic values are obtained for each example and label at first. Afterwards, a single performance
is calculated by first example-wise and then label-wise averaging the obtained values, or vice versa.
Equation 5.50, which is shown below, illustrates the calculation of a multi-label head rule’s precision,
when using the first of both averaging orders together with the rule-independent evaluation strategy.

\ 1 1 TP\ TP .
6Prec,MM,L(Y < B,T) :; : Z E : Z 7 , with p—] = TPi , ViVj
i i

Syrp] (5.50)
]

L — > c.f (5.48), last line
n-m

Ecsprec,Mm,iL(? < B, T)

When using macro-averaged precision, the heuristic value, which is obtained for each example and label,
is either O or 1, depending on whether a true positive is covered, or not. This enables to rewrite Equa-
tion 5.50 to be in accordance with Equation 5.48. As Equation 5.48 corresponds to the example-based
variant of the precision metric, macro-averaged precision is shown to be equivalent to its example-based
counterpart, when using the rule-independent evaluation strategy. Because example-based precision
is proved to meet Definition 3.1 in Section 5.2.1.3, macro-averaged precision is implied to meet that
definition as well. It therefore can be considered to be anti-monotonous. [ |

5.2.2 Recall

In the following subsections, the recall metric, as given in Equation 2.13, is examined in terms of anti-
monotonicity, when using micro-averaging, label-based averaging, example-based averaging or macro-
averaging together with the rule-independent evaluation strategy. Unlike the precision metric, recall also
takes the false negatives, which are covered by a rule, into account. As a result, the performance of a
rule does not only depend on the covered examples, but also on the examples, which are not covered by
the rule.
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5.2.2.1 Micro-Averaging

Equation 5.51 shows, how the micro-averaged recall of a multi-label rule ¥ « B is calculated, when
using the rule-independent evaluation strategy. As the equation illustrates, the recall metric measures
the percentage of true positives among all relevant labels (true positives and false negatives).

EXTH

i

POREEDHNI
i j i j

5rec,mm,L(? < B, T) = (5.51)

In order to show, that micro-averaged recall is anti-monotonous, Lemma 5.2 is utilized. Said lemma
states, that the micro-averaged recall of a rule is greater than the performance of another rule, if the first
rule covers more true positives — but the same number of false negatives — than the second one. Note, that
two rules cover the same number of false positives, if they share a common body and therefore cover
the same examples. This is, because the false negatives result from the relevant labels of uncovered
instances, regardless of a rule’s head.

Lemma 5.2: If there are two multi-label head rules, which cover the same number of false negatives, but a
different number of true positives, the rule, which covers T P, more true positives than the other rule, reaches
a higher performance according to the recall metric, when using micro-averaging and a rule-dependent

evaluation:
TPy+ Y. 3. TP Yyrp
i i

TPy+ 2.2 TP + 2 2 FN] 20 TP/ + 33 FN]
T T J T J T

(5.52)

Proof: In order to prove the inequality, which is given in Lemma 5.2, to be hold, it is rewritten in terms
of a single fraction at first. As Equation 5.53 shows, rewriting the inequality is based on converting both
fractions of the original equation to like quantities by multiplying their denominators with each other
and adapting the numerators accordingly.
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i i i i
By proving, that the denominator of the fraction, which is shown in the last line of Equation 5.53, is
greater than zero, the inequality, which is part of Equation 5.53, is shown to hold. The denominator is
shown to be positive by Equation 5.54 below. It is based on the fact, that the performance of the rule,
which covers less true positives than its counterpart, must be less than 1. In this context, the value 1 can
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. TP . SRT, . . . . . . . .
be written as ﬁ. By using cross-multiplication, the inequality, which is given in Equation 5.54, can be
converted to be in accordance with the denominator of the fraction given above.

EX TP

TPA S i
TPy Y% TP+ I SIEN]
i i (5.54)
TP, ZZFNl] >0 > Proofs last line of (5.53) to be hold
ioj
|

Proof of Anti-Monotonicity: Equation 5.55 shows, that micro-averaged recall meets the definition of
anti-monotonicity, when using the rule-independent evaluation strategy. In accordance with said defi-
nition, which is given in Definition 3.1, two multi-label head rules l?p « B and Y, « B take part in the
equation. The latter of both rules is assumed to contain additional label attributes, beyond those of the
head ?p, in its head. Furthermore, it is assumed to have a lower performance than the rule SA/p «— B.
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Both rules Yp « B and Y, « B, which take part in Equation 5.55, have an identical body B. Because
of this, they cover the same examples. This further implies, that they cover the same number of false
negatives. As a result, the difference in their performances must result from the number of true positives
each of the rules covers. With respect to Lemma 5.2, it can be stated, that the performance of the rule
lA/s < B is less than the performance of the rule ?p « B, because it covers less true positives (cf. Equation
5.55, line 3). When considering each label individually, it follows, that there is at least one label A;, for
which the rule ¥, < B does not cover the maximum number of true positives TP:;mx (cf. Equation 5.55,
line 4). When adding additional label attributes to the rule’s head, the prediction for that particular label
remains the same. Therefore no rule ¥, « B, which results from adding additional label attributes to the
head of the rule ¥, < B, is able to reach the maximum number of true positives TP, or the maximum
performance h,,,, (cf. Equation 5.55, line 6 and 7). This corresponds to the anti-monotonicity property
as specified in Definition 3.1. Equation 5.55 therefore shows, that Definition 3.1 is met, when using the
recall metric, together with micro-averaging and the rule-independent evaluation strategy, for measuring
the performances of multi-label head rules. As a result, said evaluation strategy is proved to meet the
properties of anti-monotonicity. [

5.2.2.2 Label-based Averaging

When using label-based averaging, the performance of a rule is calculated by first obtaining a heuristic
value per label and averaging the obtained values afterwards. Equation 5.56 shows, how the recall
of a multi-label head rule ¥ « B is calculated, when using said averaging strategy together with a
rule-independent evaluation.

s
A 1 i
5rec,mM,L(Y < B, T) = - Z ! (5.56)

R
J

Proof of Anti-Monotonicity: The proof, which is given in Equation 5.57, shows, that the recall metric is
anti-monotonous, when used together with label-based averaging and the rule-independent evaluation
strategy. It is based on the consideration, that the prediction for at least one label must be non-optimal,
if the overall performance of a rule is less than the best possible performance h,,,,. According to the
definition of anti-monotonicity, which is given in Definition 3.1, Equation 5.57 includes two multi-label
head rules ?p « B and Y, < B of which the first one is assumed to outperform the latter one. This

implies, that the rule ¥, < B — whose head contains additional label attributes beyond those of the head

Y, — cannot reach the best possible performance h,,,, (cf. Equation 5.57, line 2). Consequently, there is

a label A;, for which the rule ¥, « B does not reach the performance hinax. When adding additional label
attributes to the rule’s head, the prediction for the label A; remains unchanged. This implies, that the
performance, which is reached by a rule f/a < B, which results from adding additional label attributes
to the head Y,, is still less than hinax and therefore not optimal (cf. Equation 5.57, line 4). Because of
this, it is shown, that by adding additional label attributes to the head of rule Y, « B, the best possible
performance h,,,, cannot be reached. As this is in accordance with the equation, which is given as part
of Definition 3.1, Equation 5.57 proves the properties of anti-monotonicity to be met in case of using
label-based recall together with the rule-dependent evaluation strategy.
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5.2.2.3 Example-based Averaging

According to the definition of example-based averaging, which is given in Equation 2.9, the performance
of a rule is calculated by first obtaining a heuristic value for each example and averaging the results af-
terwards. The example, which is given in the following, reveals, that the properties of anti-monotonicity
are not met, when using said averaging strategy for measuring the rule-independent recall of multi-label
head rules.

Disproof of Anti-Monotonicity: The counterexample, which is given in the following, is based on the
exemplary label vectors, which are shown in Table 6. The label space, which is used in the example,
includes four labels L = {A,, A5, A3, A4}. Similar to previous examples, some of the examples in Table 6
are assumed to be covered by a rule’s body and some are not.

A Ay A3 Ay

Y, 0 1 1 1

Notcovered | Y, | 1 1 1 1
;00 1 0 O

Y,J]1 0 0 0

Covered Y1 0 0 O
Y0 0 1 1

Table 6: Exemplary label vectors of training examples used by Figure 4 and given the label space
L = (A4, A4, A3,A,). Some examples are assumed to be covered by a given body, some are not.
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In Figure 4, a search tree, which corresponds to an exhaustive search through the label space
L ={A,,A,, A3, A4} is shown. The search is based on the training examples, which are shown in Ta-
ble 6. For evaluating potential multi-label heads, example-based recall is used together with the rule-
independent evaluation strategy. Whenever adding a label attribute to a head causes the performance
of the resulting rule to decrease, the corresponding edge in Figure 4 is highlighted by using a red arrow
(—). If the performance increases or remains constant instead, green (—) and black arrows (—) are

used accordingly.

{5\’1} {}’2} {3’3} {4}
h=1 h=1

ANANE

{31, 92} {yl,ys} {ya,yA} {Y2,y%} {Y2;YA} {¥3, Y4}
h=1 h=1 h=1 h=1 h=1 h=1
{71, Y2, }’3} {}’1,}’2’}’4} {}’1:}’3,}’4} {V2, V3, ¥4}
h=1 h=% | h=1 h=4%
{}’1,}’2,}'3,}’4}
\ h —_— y

Figure 4: Search through the label space for finding the best multi-label rule head given the examples
in Table 6 and using label-based recall, together with the rule-independent evaluation strategy,
for performance evaluation. The dashed line (- - -) indicates the label combinations, which are
left out, when pruning the search according to the properties of anti-monotonicity as given in
Definition 3.1.

According to Figure 4, the label combination {J1, 75, ¥3, J}, which reaches a performance of %, is con-
sidered to be the best solution. However, when pruning the search according to the anti-monotonicity
property — as indicated by the dashed line (- - -) —, this particular label combination is not found. This is,
because the performance decreases from % to %, when adding the label attribute j, to the head {¥,}. Ac-
cording to the anti-monotonicity property, the heads, which result from adding additional label attributes
—namely the head{y,, J,, ¥3}, as well as {J, ¥2, ¥4} and {J1, V2, ¥3, ¥4} —, cannot reach the best possible
performance. Therefore these label combinations are not considered by a pruned search. However, as
Figure 4 shows, adding the label attribute y to the head {y,, y,} causes the best possible performance
of % to be reach, which contradicts the definition of anti-monotonicity. Because of this, the recall metric
is disproved to be anti-monotonous according to Definition 3.1, when used together with example-based
averaging and when utilizing the rule-independent evaluation strategy. [ |
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5.2.2.4 Macro-Averaging

According to Equation 2.11, the macro-averaged performance of a rule is calculated by obtaining a
heuristic value for each example and label at first. By first calculating the example-wise arithmetic mean
and then the label wise arithmetic mean, or vice versa, the individual heuristic values are finally averaged
in order to obtain a single performance. The proof, which is given in the following, uses the first of both
averaging orders in order to show, that macro-averaged recall is equivalent to macro-averaged precision,
when using a rule-independent evaluation.

Proof of Anti-Monotonicity: In Equation 5.58, the calculation of a multi-label head rule’s recall, when
using macro-averaging and the rule-independent evaluation strategy, is illustrated.

¥ 1 1 Tpij . Tpij j .
5rec,MM,¢L(Y<—B,T)_;.Z ;.Z > . with > =TP/,ViVj
ZZ i f (5.50), line 2
= > C. . , line
—Sinm (5.58)

E5prec,MM,L(YAv <« B: T)

E5prec,Mm,iL(? < B, T)

As illustrated by Equation 5.58, the heuristic value, which is calculated for an individual example and
label, is either 0 or 1, depending on whether a true positive is covered, or not. Because of this, the
equation can be converted into a single fraction, which is in accordance with the second line of Equation
5.50. Said equation corresponds to the calculation of a rule’s performance according to macro-averaged
precision. Consequently, it follows, that using macro-averaged recall for measuring the performance of a
rule is equivalent to using macro-averaged precision, if the rule-independent evaluation strategy is used.
Because, macro-averaged precision is proved to be anti-monotonous in Section 5.2.1.4, when using a
rule-independent evaluation, the macro-averaged variant of the recall metric is implied to meet Defini-
tion 3.1 as well. Furthermore, it can also be considered to be equivalent to example-based precision,
because the latter is shown to be equivalent to the macro-averaged variant of the precision metric in
Section 5.2.1.4 as well. ]

5.2.3 Hamming Accuracy

In this section, the accuracy metric is examined in terms of anti-monotonicity, when using the rule-
independent evaluation strategy. The consideration, which are given in this section, are similar to the
ones, which are given in Section 5.2.1 with respect to the precision metric. As the proofs, which are given
in the following subsections, reveal, hamming accuracy meets the definition of anti-monotonicity regard-
less of whether micro-averaging, label-based averaging, example-based averaging or macro-averaging is
used.

5.2.3.1 Micro-Averaging

According to Equation 2.14, the hamming accuracy metric measures the percentage of correctly pre-
dicted relevant and irrelevant labels among all labels. An example of using that evaluation strategy for
searches through the label space is given in Figure 1 of Chapter 3. Equation 5.59, which is shown below,
illustrates, how the performance of a multi-label head rule ¥ « B is calculated when using said evalua-
tion function together with micro-averaging and the rule-independent evaluation strategy. The equation
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can be converted to only depend on true positives and true negatives, because the number of all labels
equals the number of examples m, which are contained by the respective data set, times the number of
available labels n. Furthermore, the number of true negatives, which are covered by two rules, is equal,
if both rules share an identical body. This is, because the true negatives depend on examples, which
are not covered by a rule’s body, whereas the true positives result from a rules’ predictions on covered
examples.

ZZ(TP{ +TN)

5hamm,mm,L(? «— B, T) ' J ) , with ZZ(PIJ +N1]) =n-m
iJ

X3P+
T

(5.59)

Y 3(TP +TN)
_T
B n-m

Proof of Anti-Monotonicity: Equation 5.60 shows, that anti-monotonicity, as specified in Definition 3.1,
is met by micro-averaged hamming accuracy, when used together with the rule-independent evaluation
strategy. According to the equation, which is given in Definition 3.1, in Equation 5.60 two multi-label
head rules ?p « B and Y, < B take part.

?p - ?s A 5hamm,mm,1(?s — B: T) < 5hamm,mm,L(?p « B’ T)

>3 (1P) +TN)) 2 5(TP +TN))

= < < hmax
n-m n-m
Y;<B,T YpB,T
= > > TP/ <> > TP <TP,..
U V.<B,T i Y,<B,T

(. _
=3i| > TP <TP

\ j Y;<B,T

(5.60)
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i

Y,<B,T
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== <hmax > V?a(As - Aa)
n-m

Y, <B,T

>

E5hamm,mm,1(?a «— B: T) < hmax ’ V?a( s C l}a)
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Whereas both rules ?p « B and Y, « B, which take part in Equation 5.60, share the same body B,
the head Y, is assumed to contain additional label attributes besides those, the head f/p consists of.
Furthermore, the rule ?p < B is assumed to outperform the rule f/p < B, which implies that the latter
cannot reach the best possible performance h,,,, (cf. Equation 5.60, line 1 and 2). When writing the
calculation of both rules’ performances according to Equation 5.59, the performances are denotated as
fractions with identical denominators. Because of this, the difference in both rules’ performances can
only result from the true positives and true negatives, the respective numerators are calculated from.
However, as two rules with identical bodies cover the same number of true negatives, it follows, that the
reason for the performance of the rule ¥, < B to be lower than that of the rule ¥ « B must be, that it
covers less true positives (cf. Equation 5.60, line 3). When considering each available label individually,
this implies, that for at least one label A; the maximum number of true positives TP!  is not reached
by the rule ¥, < B (cf. Equation 5.60, line 4). Even when adding additional label attributes to the head
of said rule, the prediction for the label A; remains unchanged and therefore the maximum number of
true positives TP, .. cannot be reached by such rule ¥, < B either (cf. Equation 5.60, line 5 and 6).
From that observation follows, that no rule lA/a « B, which results from adding additional label attributes
to the head of the rule Y, < B, is able to reach the best possible performance h,,,, (cf. Equation 5.60,
line 7 and 8). This corresponds to anti-monotonicity property as given in Definition 3.1. Consequently,
Equation 5.60 proves the definition of anti-monotonicity to be met, if micro-averaged hamming accuracy
is used for measuring the performance of multi-label head rules using the rule-independent evaluation
strategy. [ |

5.2.3.2 Label-based Averaging

When using label-based averaging according to Equation 2.10 for measuring the performance of a multi-
label head rule, a heuristic value is obtained per available label at first. The overall performance of the
rule finally calculates as the arithmetic mean of all obtained values. The following proof shows, that
using said averaging strategy for measuring the rule-independent performance of a rule, according the
hamming accuracy metric, is equivalent to using micro-averaging.

Proof of Anti-Monotonicity: In Equation 5.61, the calculation of a multi-label head rule’s performance,
using the label-based hamming accuracy metric together with the rule-independent evaluation strategy,
is illustrated.

> (18] + 7))
A 1 j
5hamm,mM,iL(Y — B’ T) :; ) Z ]

i Z(Pij+Nij)
J

, with Z(Pl.j+Nl.j)=m, Vi
J

> (18} + 1)

LN
n Z m (5.61)

! > c.f (5.59), last line

E5hamm,mm,L(YAv A B; T)
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According to Equation 5.61, the heuristic value, which is calculated for an individual label, measures
the percentage of examples for which the respective label is predicted correctly. It can be written as
a fraction, whose numerator consists of the covered true positives and true negatives, whereas the de-
nominator represents the number of examples m. By further rewriting the equation, it can be converted
to be in accordance with the last line of Equation 5.59, which corresponds to using the micro-averaged
variant of the hamming accuracy metric. As a result, label-based and micro-averaged hamming accu-
racy are shown to be equivalent, when used in terms of the rule-independent evaluation strategy. As
the latter is shown to meet the properties of anti-monotonicity, the label-based variant is implied to be
anti-monotonous according to Definition 3.1 as well. [ |

5.2.3.3 Example-based Averaging

According to the definition of example-based averaging, which is given in Equation 2.9, when using said
averaging strategy, a heuristic value is calculated for each example at first. Afterwards, by averaging the
obtained values, the overall performance of a rule is computed. Such as the prove, which is given in the
previous section, the proof, which is given in the following, shows, that using example-based averaging
for measuring the rule-independent hamming accuracy of a rule is equivalent to using micro-averaging.

Proof of Anti-Monotonicity: Equation 5.62 shows, how the performance of a multi-label head rule ¥ «
B is calculated according to the hamming accuracy metric, when using example-based averaging together
with the rule-independent evaluation strategy. According to Equation 5.62, the heuristic value, which is
calculated for an individual example, measures the percentage of labels, which are predicted correctly
by the rule. This corresponds to a fraction, whose numerator consists of the covered true positives and
true negatives, whereas the denominator equals the number of available labels n (cf. Equation 5.62, line
2). By rewriting the equation, it can be converted to the same form as used in the last line of Equation
5.59. This proves, that the example-based hamming accuracy of a rule is equal to the micro-averaged
hamming accuracy, when using the rule-independent evaluation strategy.

N 1 -
5hamm,Mm,iL(Y — B’ T) :E ) Z :

(5.62)

_ > c.f (5.59), last line

E5hamm,mm,J.L(? < B, T)

E(Sharnm,mM,L(? — B: T)

From Equation 5.62 follows, that the example-based variant of the hamming accuracy metric is equiva-
lent to its micro-averaged counterpart, if the rule-dependent evaluation strategy is used. As the latter of
both evaluation functions is shown to be anti-monotonous in Section 5.2.3.1, when using example-based
averaging, it is implied, that the definition of anti-monotonicity, which is given in Definition 3.1, is met
as well. Furthermore, as it is shown in Section 5.2.3.2, that using label-based averaging for measuring
the rule-independent hamming accuracy of a rule is equivalent to using micro-averaging, example-based
averaging is also equivalent to that variant. [ |
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5.2.3.4 Macro-Averaging

According to Equation 2.11, when using macro-averaging for measuring the performance of a rule, a
heuristic value is obtained per example and label at first. In order to calculate the overall performance
of the rule, the obtained values are first example-wise averaged and then label-wise averaged, or vice
versa. The first of both orders is used by the following proof to show the equivalence of macro- and micro-
averaging, when used together with the hamming accuracy metric and the rule-independent evaluation
strategy.

Proof of Anti-Monotonicity: Equation 5.63 shows, how the macro-averaged hamming accuracy of a
multi-label head rule ¥ « B calculates, when using a rule-independent evaluation. The heuristic value,
which is obtained for each example and label either evaluates to 1, if a true positive or true negative
is covered, or to O otherwise. This allows to eliminate the denominator of the fraction, which is shown
in the first line of Equation 5.63. By further converting the equation, it can be rewritten to match the
term, which is shown in the last line of Equation 5.59. This proves micro- and macro-averaging to be
equivalent, if used for measuring the rule-independent hamming accuracy of a multi-label head rule.

, 1 1 TP/ + TN/ S
Shammann 1 (¥ =B, T)==-> [ = > —L———L | with P/ + N/ =1, ViVj
T n &4\ m S5 p/+N/

—= Z( ZTPJ +TNJ)

5(rp) +7N))

D
S0 e

i (5.63)
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E6hamm,mm,L(Yv — B: T)
E5hamm,mM,L(? «— B; T)

E5hamm,Mm,iL(? < B, T)

As a result of Equation 5.63, which shows micro- and macro-averaging to be equivalent, when being
used for measuring the rule-independent hamming accuracy of multi-label head rules, the latter of both
variants is implied to be anti-monotonous. This is, because micro-averaged hamming accuracy is shown
to meet Definition 3.1 in Section 5.2.3.1. Furthermore, using the label-based or example-based aver-
aging hamming accuracy metric together with the rule-independent evaluation strategy is shown to be
equivalent to using the micro-averaging variant in Section 5.2.3.2, respectively Section 5.2.3.3. Con-
sequently, the macro-averaged variant of the hamming accuracy is equivalent to using these averaging
strategies as well. [ |
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5.2.4 F-Measure

In the individual subsections of this section, the F-Measure is examined in terms of anti-monotonicity,
depending on whether micro-averaging, label-based averaging, example-based averaging or macro-
averaging is used. As already mentioned in Section 5.1.4, the F-Measure is defined as the weighted
harmonic mean of precision and recall. As the F-Measure is equivalent to the precision metric, if its f3-
parameter is set to 0, only cases where 3 > 0 are considered in the present section. In the proofs, which
are given throughout the following subsections, the F-Measure is often written in terms of the harmonic
mean operation H as defined in Equation 5.28. Such as all Pythagorean means, the harmonic mean
operation meets the averaging property (cf. Equation 5.29), as well as the value preservation property
(cf. Equation 5.30).

5.2.4.1 Micro-Averaging

The proof, which is given below, shows, that the micro-averaged variant of the F-Measure meets the anti-
monotonicity property, when used together with the rule-independent evaluation strategy. It is based on
the fact, that micro-averaged recall and precision are anti-monotonous as well, when used for a rule-
independent evaluation, as it is proved in Section 5.2.2, respectively Section 5.2.1. Furthermore it uses
the notation, which is given in Equation 5.31, for denoting the best possible performance according to a
certain evaluation function.

Proof of Anti-Monotonicity: As the premise of the proof at hand, the best possible performance accord-
ing to the recall metric is assumed to be greater or equal than the best possible performance according
to the precision metric. Equation 5.64, which is given below, illustrates this assumption. It can be made
without loss of generality, because the proof, which is given in the following, can easily be adopted to an
alternative premise: If the best performance according to the precision metric is assumed to be greater or
equal than the best possible performance according to the recall metric, the corresponding proof would
be similar.

hrec > pprec (5.64)

max — max

Furthermore, as already pointed out by Equation 5.32, the best possible performance according to the
F-Measure cannot be greater than the maximum of the best possible performances according to recall
and precision. Consequently, the inequality, which is given in Equation 5.65 below, holds.

hE < max (R’ h2e) (5.65)

max — max’’ “max

Equation 5.66 proves the equation, which is given in Definition 3.1, to be met in case of micro-averaged
F-Measure, when using the rule-independent evaluation strategy. It is based on rewriting the F-Measure
of two multi-label head rules lA/p « B and Y, « B in terms of the harmonic mean operation H (cf.
Equation 5.66, line 2). In accordance with the equation, which is given in Definition 3.1, both multi-
label head rules ffp « B and Y, « B share a common body B. However, the first of both rules is assumed
to outperform the second one due to their dissimilar heads: The head ¥, is assumed to contain additional
label attributes beyond those of the head ?p and therefore the subset relationship lA/p c ¥, holds.
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As already mentioned, the F-Measure calculates as the harmonic mean of precision and recall. As a
result, the averaging and value preservation properties (cf. Equation 5.29 and Equation 5.30) are given.
Because of this, either the recall or the precision of the rule ¥, « B must be lower than the corresponding
heuristic value of the rule ?p < B (cf. Equation 5.66, line 4 and 5). In Section 5.2.2 and Section
5.2.1 it is shown that both, the recall metric, as well as the precision metric, fulfill the properties of
anti-monotonicity, when using the rule-independent evaluation strategy. Consequently, if the recall or
precision of the rule IA/S < B is less than that of the rule lA/p < B, the recall, respectively precision, of
any multi-label head rule Y, < B, which result from adding additional label attribute to the head Y,
cannot reach the best possible performance hgmx. Furthermore, due to the premise of the proof, the
best possible performance h;:° ~can be considered as an upper border for the performance of the rule
Y. « B, regardless of it is measured by using the recall or precision metric (cf. Equation 5.66, line 6 and
7). From the averaging and value preservation properties of the harmonic mean operation follows, that
the F-Measure of the rule ¥, « B cannot reach the performance h’¢ . As the performance hﬁ o Cannot
be greater than h * due to Equation 5.65, the F-Measure of said rule is further guaranteed to be less
than hfn . (cf. Equation 5.66, line 8 and 9). According to the given argumentation, the definition of
anti-monotonicity is fulfilled, because if the performance of a rule decreases after adding an additional
label attribute to its head, by adding even more label attributes, the best performance hﬁmx cannot be
reached anymore. The F-Measure is therefore shown to be anti-monotonous, according to Definition 3.1,
if it is used together with micro-averaging and the rule-independent evaluation strategy and if the f3-
parameter is set to a value greater than 0. If § = 0 instead, the micro-averaged F-Measure is equivalent
to the micro-averaged variant of the precision metric, which is proved to be anti-monotonous in Section
5.2.1.1. [ |
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5.2.4.2 Label-based Averaging

Proof of Anti-Monotonicity: In Equation 5.67, a prove, which shows, that the label-based F-Measure
meets the definition of anti-monotonicity, when used for measuring the rule-independent performance
of a multi-label head rule, is given. It is similar to the proof, which is shown in Equation 5.66 of the
previous section. Such as that proof, Equation 5.67 is based on the premise, which is given in Equation
5.64. It states without loss of generality, that the best performance according to the recall metric is
greater or equal than the best performance according to the precision metric.

?p C 1Afs A 5F,mM,J_L(?s «<B,T)< 5F,mM,J_L(?p «—B,T)
E?p c 1?vs NH (5rec,mM,L(Ys < B, T): 5prec,mM,L(?s < B, T))

<H (5rec,mM,L(?p — B: T): 5prec,mM,L(?p — B: T))
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and (5.30)
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Such as Equation 5.66, Equation 5.67 is based on rewriting the F-Measure in terms of the harmonic
mean of recall and precision. As both, label-based recall, as well as label-based precision, are shown
to be anti-monotonous in Section 5.2.2, respectively Section 5.2.1, it follows, that the F-Measure meets
Definition 3.1 as well. As a result, if 8 > 0, the micro-averaged F-Measure can considered to be anti-
monotonous, when using the rule-independent evaluation strategy. When setting 3 = 0, the label-
based F-Measure is equivalent to the label-based precision metric. A proof, which shows, that the latter
evaluation strategy is anti-monotonous, when using the rule-independent evaluation strategy, can be
found in Section 5.2.1.2. [ |

5.2.4.3 Example-based Averaging

In the following, it is proved, that example-based F-Measure is anti-monotonous when using the rule-
independent evaluation strategy. The proof is based on rewriting the calculation of a multi-label head
rule’s performance according to said evaluation strategy in terms of the weighted harmonic mean H as
shown in Equation 5.68. As the equation reveals, the recall and precision of an individual example both
evaluate to 0, if no true positives are covered for that particular example. If at least on true positive is
covered, the recall evaluates to 1 instead. As a consequence, the recall is constant for all examples for
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which true positives are covered, resulting in the F-Measure for these examples to be greater than the
precision, due to the averaging property of the harmonic mean operation (cf. Equation 5.29).

sre] |
. 1 Hl1,-—], ifd TP/ >0
Semmu (Y «B,T)==">" s ) TR (5.68)
_ m

L

710, otherwise

Proof of Anti-Monotonicity: Equation 5.69 proves, that the F-Measure meets the definition of anti-
monotonicity, when used together with example-based averaging and a rule-independent evaluation.
According to the equation, which is given in Definition 3.1, two multi-label head rules lA/p < B and
Y, « B take part in Equation 5.69. It is assumed, that the first of both rules outperforms the second one
and that the head Y, contains other label attributes in addition to those of the head ffp. Furthermore, the
proof is based on the premise, that the F-Measure of the rule lA/p < B is greater than the F-Measure of
the rule IA/S < B. This implies, that the precision of the first rule must be greater than that of the latter
one as well(cf. Equation 5.69, line 2). This implication is based on Equation 5.68, which states, that the
harmonic mean of the recall and precision, which are obtained for individual examples, solely depends
on the precision: If the precision is 0, the recall is 0 as well, resulting in the harmonic mean to evaluate
to 0. If the precision is greater than 0 instead, the recall is always 1, resulting in the harmonic mean to
solely depend on the measured precision. Because in Section 5.2.1.3 the example-based precision metric
is shown to be anti-monotonous, when used together with the rule-independent evaluation strategy, the
performance of any multi-label head rule ¥, « B, which results from adding additional label attributes
to the head of the rule Y, < B, must be less than the best possible performance h,,,, (cf. Equation 5.69,
line 3). Consequently, due to its averaging property, the harmonic mean of precision and recall must be
less than h,,,, as well (cf. Equation 5.69, line 4).

?p CY, A 5F,Mm,L(?s <B,T)< 5F,Mm,L(?p <—B,T)

w.r.t. (5.30), (5.29) N N
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Equation 5.69 proves, that the equation, which is given in Definition 3.1, holds in case of using the
example-based F-Measure for measuring the rule-independent performance of multi-label head rules.
Consequently, if the f-parameter is set to a value greater than 0, said evaluation strategy can be con-
sidered to be anti-monotonous. If the 3-parameter is set to 0, the F-Measure is equivalent to precision.
The example-based variant of the precision metric is shown to be anti-monotonous, when using the
rule-independent evaluation strategy, in Section 5.2.1.3. [
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5.2.4.4 Macro-Averaging

According to the definition of macro-averaging, which is given in Equation 2.11, when using said aver-
aging strategy, a heuristic value is calculated for each example and label at first. Afterwards, in order to
compute the overall performance of a multi-label head rule, the obtained values are averaged example-
and label-wise, or vice versa. The first of both averaging orders is used in the following proof. It shows,
that the macro-averaged F-Measure is anti-monotonous, when used together the with rule-independent
evaluation strategy.

Proof of Anti-Monotonicity: Equation 5.70 shows, how the rule-independent performance of a multi-
label head rule ¥ « B is calculated according to the F-Measure, when using macro-averaging. The
heuristic value, which is obtained for each example and label corresponds to the (weighted) harmonic
mean of recall and precision. As already mentioned in Section 5.2.2.4 and Section 5.2.1.4, both, recall
and precision, either evaluate to 0 or 1 for an individual example and label, depending on whether a true
positive is covered, or not (cf. Equation 5.70, line 2). Because of this, for each example and label, recall
and precision are equal and therefore — due to the value preservation property of the harmonic mean
operation (cf. Equation 5.30) — the F-Measure evaluates to the same heuristic value as well. As a result,
Equation 5.70 can be rewritten as the fraction of true positives among all labels, which are contained
in the data set (cf. Equation 5.70, line 3). As the rewritten equation is in accordance with the second
line of Equation 5.58, as well as with the second line of Equation 5.50, the macro-averaged F-Measure
is implied to be equivalent to macro-averaged recall and precision, when using the rule-independent
evaluation strategy.

i Pij pi

, 1 1 TP TP/ . TP/ TP P
5F,MM,L(Y<—B,T)—;-Z(E.ZH( T ,Wlth—.——j—TPi,VlV]
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== H TPJ TPJ > (5.30) applies
- Z( Z ) (5.30) app

23 TP (5.70)

-7 > c.f (5.50), line 2 and (5.58), line 2
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E6rec,MM,L(? < B, T)
E5prec,MM,J_L(1? « B’ T)
E5prec,Mm,L(? — B’ T)

As a consequence of Equation 5.70, which proves the F-Measure to be equivalent to recall and precision,
when using macro-averaging together with the rule-independent evaluation strategy, the first one of
these evaluation functions is implied to be anti-monotonous according to Definition 3.1. This is, because
the variants using the recall metric, respectively the precision metric, are shown to meet said definition
in Section 5.2.2.4 and Section 5.2.1.4. Furthermore, as the use of macro-averaging is shown to be
equivalent to the use of example-based averaging, when measuring the rule-independent performance
of multi-label head rules according to the precision metric, it follows, that the macro-averaged F-Measure
is equivalent to that evaluation strategy as well. The equivalences, which are shown in this section, are
independent of the F-Measure’s 3-parameter. [ |
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5.2.5 Subset Accuracy

In this section, the subset accuracy metric, as defined in Equation 2.18, is examined in terms of anti-
monotonicity, when using the rule-independent evaluation strategy. According to the discussion in
Section 2.3.3, when using subset accuracy, the performance of a multi-label head rule is calculated
by using example-based averaging per definition. Therefore, other averaging strategies — namely micro-
averaging, label-based averaging and macro-averaging — must not be considered at this point. In the
following it is proved, that the anti-monotonicity property, which is given in Definition 3.1, is not ful-
filled by the subset accuracy metric. The proof is given in form of an exemplary search through the label
space, which refutes the definition to be met.

Disproof of anti-monotonicity: Figure 5 shows the search tree, which corresponds to an exhaustive
search through the label space, given the examples, which are shown in table 7. It uses the subset
accuracy metric together with the rule-dependent evaluation strategy for performance evaluation. The
dashed line (---) indicates the nodes, which are left out, when pruning the search tree under the as-
sumption, that the anti-monotonicity property, according to Definition 3.1, is met by the used evaluation
function. In Figure 5, increases of the measured performance are indicated by using green arrows (—).
If the performance decreases as result of adding an additional label attribute to the head, which is rep-
resented by the preceding node, red arrows (—) are used accordingly. If adding a label attributes does
not affect the performance of a multi-label head rule, this is indicated by using black arrows (—).

{J“'l} {yz} {}“'3} {374}
h=1 h=1

AN —

{71, 32} {yl,ys} {V1, ¥4} {yz,ya} {yz,ya} {3, ¥4}
h:% h_6 h_ﬁl‘h_% h_6 h:%
V1,92, 93} 1,32, Va) {J’1,}'3:}’4} {V2, V3, Va}
h —_ 1 h — 1 h = = = 1
6 6\ / 6
{V1, V2, V3, Va}
h=1
6

Figure 5: Search through the label space for finding the best multi-label rule head given the examples
in Table 7 and using subset accuracy, together with the rule-dependent evaluation strategy, for
performance evaluation. The dashed line (- - -) indicates the label combinations, which must not
be considered, when pruning the search according to the anti-monotonicity property given in
Definition 3.1.
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Figure 5 is based on the exemplary label vectors, which are shown in Table 7. Similar to earlier examples,
which are given in this work, one half of the examples is assumed to be covered by a rule, whereas the
others are not.

A Ay Ay Ay

Y,]0 1 1 o0

Notcovered | Y, | 1 1 1 1
Y,/0 O O O

Y, |1 0 1 1

Covered Y11 0 1 1
Y| 1 0 0 O

Table 7: Exemplary label vectors of training examples used by Figure 5 and given the label space
L = (44,44, A3,4). Some examples are assumed to be covered by a given body, some are not.

As it can be seen in Figure 5, pruning the search prevents the label combination {¥,,ys, ¥4}, which
reaches the best performance %, from being found. Instead, a pruned search results in the head {J,} to be
considered best, although it only reaches a performance of % This is, because the measured performance
decreases, when adding the label attribute y, to the head {J;}. According to the definition of anti-
monotonicity, label combinations, which result from adding additional labels, must not be considered, as
it is assumed, that the performances of the resulting multi-label head rules cannot reach the best possible
performance. However, the given counterexample reveals, that this is not always guaranteed, when using
the subset accuracy metric together with the rule-independent evaluation strategy. As adding the label
attribute y, to the head {J;, ¥3} not only causes the performance to increase, but also results in the best
possible performance among all possible heads, Definition 3.1 is proved to not be met. Consequently,
the subset accuracy metric must be considered to not be anti-monotonous, when used together with the
rule-independent evaluation strategy. [ |
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6 Evaluation

In order to statistically evaluate the outcome of the algorithm, which is proposed in the present work,
an implementation of the algorithm has been tested on different multi-label data sets. The implementa-
tion utilizes the SECo-framework® for rule learning, which has been developed at Technische Universitt
Darmstadt [Janssen and Fiirnkranz, 2010, Janssen and Zopf, 2012], and reuses parts of the imple-
mentation, which has been elaborated by Loza Mencia and Janssen [2015] as part of their work. The
implementation is meant to be a proof-of-concept, rather than focusing on high-performance compu-
tations, for which reason it is not applicable on very large data sets. The data sets, which have been
chosen for being used in the statistical experiments, are listed in Table 8 below. All of these multi-label
data sets are provided for free use by the developers of MuLan? — a Java library for multi-label learning
[Mulan Development Team, 2016]. The selection of data sets, which is shown in Table 8, consists of data
sets from different domains and includes data sets with nominal attributes, as well as with numerical
attributes.

Name Domain Instances | Nominal Numeric | Labels | Cardinality Density Distinct
MEDICAL Text 978 1449 0 45 1.245 0.028 94
Emortions | Music 593 0 72 6 1.869 0.311 27
GENBASE | Biology 662 1186 0 27 1.252 0.046 32
SCENE Image 2407 0 294 6 1.074 0.179 15
BIRDs Audio 645 2 258 19 1.014 0.053 133

Table 8: Characteristics of the data sets, which are used for the statistical evaluation of rule learning al-
gorithms [Mulan Development Team, 2016]. The columns from left to right specify the name of
the datasets, the domain of the input instances, the number of instances, the number of nom-
inal and numeric features, the total number of unique labels, the average number of labels per
instance (cardinality), the average percentage of relevant labels (label density) and the number
of distinct labelsets in the data (cf. [Loza Mencia and Janssen, 2015, Table 4]).

In order to train different rule learning algorithms on the selected data sets and to evaluate the learned
models on a test data set afterwards, the examples of the data sets, which are shown in Table 8, have
been separated into distinguished training and test examples beforehand. For separating the data sets
into training and test data, a ratio of 2:1 has been used. For all of the selected data sets, pre-separated
variants according to said ratio are available [Mulan Development Team, 2016].

Based on the data sets, which are shown in Table 8, different variants of rule learning algorithms
have been studied. In the remainder of this chapter, the outcome of these variants is compared to each
other in terms of predictive performance and characteristics of the learned models. One difference of
the tested rule learners corresponds to the heuristic, which is used for measuring the performance of
candidate rules during the rule induction process. Except for the recall metric, all heuristics, which are
given in Section 2.3.3, have been considered. Recall has not been used, because it is expected to result
in a bad predictive performance, when used for selecting candidate rules. This is, because it does not
penalize wrong predictions, which assess irrelevant labels as relevant. As a result, too many labels are
expected to be predicted as relevant, when using that metric. However, the recall metric has an influence
on measurements, which are based on the F-Measure, as it trades off between precision and recall. For
variants of rule learners, which use the F-Measure, the f3-parameter has been set to 0.5, This results in
the measurement to be more precision-oriented. The decision for introducing a bias towards precision
has been made in order to prevent the prediction of too many labels as relevant with respect to the
characteristics of the recall metric as discussed previously.

1 More information about the SeCo-framework for rule learning can be found online at http://www.ke.tu-darmstadt.

de/resources/SeCo.

2 The website of the Java library “Mulan” is available at http://mulan.sourceforge.net.
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One aim of this chapter is to compare the algorithm, which is discussed in the present work, to other
multi-label classification approaches. For this reason, a rule learner, which uses the binary relevance
method, and the algorithm for learning single-label head rules by Loza Mencia and Janssen [2015],
have been tested as well. The following list provides an overview of the titles, which are used for
referring to the different variants in the following, as well as a description of the respective rule learning
approaches:

* “BR”: This variant corresponds to the binary relevance problem transformation method. It is based
on transforming the original multi-label classification task into multiple single-class classification
problems (cf. Section 2.1.1). For solving the individual subproblems, a separate-and-conquer rule
learning algorithm, as provided by the SECo-framework, has been used. The separate-and-conquer
algorithm utilizes a top-down search.

» “Single”: The separate-and-conquer algorithm for learning single-label head rules, which has been
proposed by Loza Mencia and Janssen [2015] (cf. Section 2.2.3). For reasons of computational per-
formance, the authors use a variant of said algorithm, which internally uses JRip for the induction
of rules, for the statistical evaluations, which are part of their work. JRip is a rule learner for solv-
ing single-class classification problems, based on the famous C4.5 algorithm [Quinlan, 2014]. It is
provided for free use as part of the Weka® machine learning software. Besides its computational
efficiency, the use of JRip enables to post-process the learned rules, which tends to be beneficial in
terms of predictive performance. Mencia and Janssen’s multi-label classification algorithm is able
to use JRip, because it considers only one label at once. However, in order to be able to induce
multi-label head rules, the algorithm, which is proposed in this work, cannot use JRip. Because
of this, — in order to ensure a fair comparison of predictive performances — a variant of Mencia
and Janssen’s separate-and-conquer algorithm, which uses a top-down search based on the SeCo-
framework, rather than JRip, has been used for the statistical evaluations, which are discussed at
this point.

* “Multi”: The title “Multi” is used in the following to refer to the separate-and-conquer algorithm
for learning multi-label head rules as proposed in the work at hand (cf. Chapter 4). In order
to measure the performance of individual rules during the rule induction process, different aver-
aging strategies can be used. In the following, the used averaging strategy is indicated by using
the subscript notation Multi,,,, in case of micro-averaging, Multi,,,, for label-based averaging and
Multiy,,,, respectively Multi,;,;, for example-based or macro-averaging. Furthermore, when using
an algorithm, which is able to induce multi-label head rules, using the subset accuracy metric (cf.
Equation 2.18) for selecting candidate rules, is a viable option. This is, because when using such
algorithm, all available labels are taken into account whenever inducing a new rule. When using
the binary relevance method or an algorithm for learning single-label head rules instead, only one
label is considered at once. In such case, subset accuracy is equivalent to the example-based ham-
ming accuracy metric (cf. Equation 2.14), which measures the percentage of correctly classified
labels among all labels per instance.

By default, the separate-and-conquer algorithm by Loza Mencia and Janssen [2015] only induces rules,
which predict the presence of labels (when using the target G = {1}, cf. Algorithm 4). In addition,
it also offers the possibility to learn rules, which predict the absence of labels (when using the targets
G = {0,1}). As the algorithm for learning multi-label head rules, which is proposed in this work, is
based on said algorithm, it also provides the possibility to induce both types of rules (cf. Algorithm 13
and Algorithm 14). In the following, the symbol + is used to denominate approaches, which only predict
the presence of labels, whereas the symbol £ denotes variants, which also take rules, that predict the
absence of labels, into consideration.

3 The Weka machine learning software can be downloaded at https://sourceforge.net/projects/weka.
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The operation of both multi-label algorithms — the one for learning single-label head rules, as well as the
one for learning multi-label head rules — heavily depends on the strategy, which is used for re-inserting
training examples into the training process. In addition to using variants, which do not re-include
fully-covered training examples, variants, which provide fully covered examples to later iterations of
the respective separate-and-conquer algorithm, have been tested. For variants, which are based on an
re-inserting fully covered examples, the T-parameter was set to 0.01. In the remainder of this chapter,
these variants are identified by using the keyword stop.

6.1 Predictive Performance

One important goal of the statistical evaluations, which are discussed in this section, was to investigate
the predictive performance of different multi-label classification approaches. To be able to compare the
individual approaches with each other, their performances according to the following evaluation metrics
have been obtained:

* “Hamm. Acc.”: This metric corresponds to hamming accuracy, as introduced in Equation 2.14.
The hamming accuracy of a learned model has been calculated by obtaining the predictive perfor-
mances, the model reaches for each example of a test set, and averaging the results example-wise.

* “Subset Acc.”: According to Equation 2.18, the subset accuracy of a model corresponds to the
percentage of test examples, whose label vectors have been predicted perfectly.

* “Ex.-based Prec.”: This corresponds to the example-based precision metric. According to Equation
2.12, for each test example, the percentage of correctly predicted relevant labels among all labels,
which are predicted as relevant, have been calculated. Finally, the obtained performances have
been averaged example-wise.

* “Ex.-based Rec.”: This metric corresponds to the example-based recall. According to Equation
2.13, for each test example, it measures the fraction of predicted relevant labels among all relevant
labels. The performances, which have been obtained for each test example, have been averaged
example-wise.

* “Ex.-based F1”: The F1-Measure, as introduced in Equation 2.17, trades of between precision
and recall. Because the f3-parameter is set to 1, both metrics are weighted equally. When using
the example-based variant of the F1-Measure, a performance is obtained per test example at first.
Afterwards, the results are averaged example-wise.

e “Mi. Prec.”: This corresponds to the micro-averaged variant of the precision metric. According
to the definition of micro-averaging, the evaluation metric has been applied to the true positives,
false positives, true negatives and false negatives, which have been aggregated over the whole test
data set (cf. Equation 2.8).

* “Mi. Rec.”: When using this evaluation metric, according to the definition of micro-averaging, the
predictive outcome of a model on a test data set is aggregated at first. Afterwards, the recall metric
is applied to the aggregated information.

e “Mi. F1”: This corresponds to the micro-averaged variant of the F1-Measure.

The performances of the tested classification approaches, according to the evaluation metrics, which are
discussed above, are given in Appendix A. The statistical experiments have been carried out with help
of the “Lichtenberg” high performance computer at Technische Universitit Darmstadt*. For variants of
the approaches Multi+ and Multi+, which use the same evaluation function and averaging strategies
and which can be considered to be equivalent according to the examinations in Chapter 5, only one
representative has been tested.

4 For information about the “Lichtenberg” high performance computer, refer to http://www.hhlr.tu-darmstadt.de.

90


http://www.hhlr.tu-darmstadt.de

In the following, the predictive performances, which are shown in Table 12, 13, 14, 15 and 16, are
summarized and analyzed. Each of these tables corresponds to the results, which have been obtained
on one of the data sets MepicaL, EMoTiONS, GENBASE, BirDs and Scene. The approaches Multi+ and
Multi+ have been configured to use a rule-dependent evaluation strategy for candidate selection during
the rule induction process (cf. Chapter 3). Variants of said approaches, which used the rule-independent
evaluation strategy for inducing multi-label head rules, are discussed separately in the course of this
section.

— On most of the considered data sets, the binary relevance algorithm performs moderately. When
compared to other approaches, which use the same evaluation function for candidate selection, it
never reaches the lowest performance. However, it is almost always outperformed by one or several
variants of the algorithms Single+/+ or Multi+/=+, which are able to exploit label dependencies.
Only on the data set GENBASE — when using the F-Measure or hamming accuracy — the BR approach
is able to outdo its competitors. This could be, because said data set contains only very weak label
dependencies [L.oza Mencia and Janssen, 2015].

— In the majority of cases, the approach Single+ reaches a better predictive performance, than its
counterpart Single+, which does not induce rules for predicting irrelevant labels. The available
statistics do not reveal a clear tendency, whether the use of stopping rules is beneficial or disad-
vantageous for these algorithms. In many cases, when using the variant Single+, the performance
of the learned model does not even change, depending on whether stopping rules are used, or not.
The variants of the approach Single+ often rank among the best rated algorithms. Although they
do not work well with the hamming accuracy metric on the data sets MepicaL and EmoTions, these
variants are often even able to reach the best performance among all approaches, if the correct
heuristic is used. Especially on the data set Birps, they reach very good results, when compared to
their competitors.

— When using example-based averaging or macro-averaging together with the Multi+/=+ approaches,
the resulting performance is almost always worse than when using the micro-averaging or label-
based counterpart. This does not include the use of the hamming accuracy metric, for which all
averaging variants are equivalent. Also, when using the precision metric on the data set EMOTIONS,
the example-based and macro-averaged variants of the Multi+;,,, approach are ranked higher than
the micro-averaged and macro-averaged variants.

— On average, the algorithm, which is proposed in this work, seems to benefit from learning rules,
which predict irrelevant labels. This is based on the observation, that the best Multi+ approach
outperforms the best Multi+ variant most of the time. However, when using the Multi+,;,, and
Multi+,,,, approaches, the performances of the learned model, according to the precision, recall
and F1 metric, often evaluate to 0%. This indicates, that only associations of irrelevant labels are
modeled in these cases. As no rules predict the presence of labels, such models are useless.

— Based on the available statistics, it is hard to tell, if the use of stopping rules has a positive impact on
the resulting performances of the Multi+/+ approaches, or not. The respective outcomes heavily
depend on the used evaluation function and data set.

— Except for the data set GENBASE, at least one variant of the proposed algorithm is always able to
outperform the BR approach, regardless of the used evaluation function. In many cases — depend-
ing on the data set and used evaluation function —, variants of the algorithm even allow to reach
the highest rank among all approaches. Most notable, by applying the approaches Multi+,, 1,
or Multi+,,,, ..\, on the data set EmoTioNs, the highest performances can be reached, regardless of
the evaluation function, which is used for selecting candidate rules.
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— Unlike the binary relevance method and the multi-label classification approach by Loza Mencia and
Janssen, the algorithm for learning multi-label head rules, which is proposed in the present work,
is able to use the subsect accuracy metric for selecting candidate rules during the rule induction
process. As the available statistics reveal, the performances, which result from using said metric,
can most of the time compete with the results of the other approaches. Only on the data set ScENE
there is significant difference between the performances, which can be reached by using the subset
accuracy metric, and those of the highest ranked approaches.

In addition to using a rule-dependent evaluation, the performance of the algorithm for learning multi-
label head rules has also been investigated, when using the rule-independent evaluation strategy. The
results of these experiments are shown in Table 17, 18, 19, 20 and 21 of Appendix A.

— When compared to the performances of models, which have been learned by using the rule-
dependent evaluation strategy, the predictive performance seems to suffer from using rule-
independent evaluations. Regardless of the used data set, variants of the algorithm, which rely
on the rule-independent evaluation strategy for candidate selection, almost always reach worse
performances on average, than their rule-dependent counterparts. Whereas this is especially evi-
dent for the metrics subset accuracy, precision and F1-Measure, the rule-independent approaches
often reach a hamming accuracy, which is comparable to those of their rule-dependent counter-
parts. Furthermore, in many cases, they even reach a higher performance according to the recall
metric. This could possibly be an indicator, that using the rule-independent evaluation strategy
often results in too many labels being predicted as relevant.

— Except for the data sets Emorions and Scene, the Multi+ approaches, which use the rule-
independent evaluation strategy and are able to predict the irrelevance of labels, did not finish
in time. This is, because in such case, the algorithm tends to induce rules, which predict fully set
label vectors. This prevents searches through the label space from being pruned early and therefore
results in a high computational complexity. However, from the statistical results of the approaches,
which did finish in time, it can be seen, that precision, recall and F1-Measure often evaluation to
0%. As already discussed, this is an indicator, that only rules, which predict irrelevant labels, are
learned in such case.

— According to the examinations in Section 5.2.5, the subset accuracy metric does not meet the
definition of anti-monotonicity, when using the rule-dependent evaluation strategy. Because of
this, it does not allow to prune searches through the label space and therefore it has not been used
in the statistical experiments.

6.2 Characteristics of Learned Models

In addition to the comparison of the predictive performances of different multi-label classification ap-
proaches, the models, which have been learned by the separate-and-conquer algorithm by Loza Mencia
and Janssen [2015], as well as by the algorithm for learning multi-label head rules, are compared to
each other in this section. The rules, which have been learned by using the binary relevance method, are
not considered at this point. This is, because such approaches are based on training multiple single-class
classifiers, rather than learning single decision list. In order to statistically investigate the characteristics
of learned models, the following properties have been taken in consideration. The statistics, which have
been obtained with respect to these properties, are shown in Appendix B.

» “# Rules”: The number of rules a model consists of. This does not include stopping rules.

» “# Stopping Rules”: The number of stopping rules, which have been created during the rule
induction process.
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* “# Label Conditions”: The number of label conditions among all induced rules of a model.

* “0p Full Label-dependent”: The percentage of rules, which exclusively contain label conditions in
their bodies.

* “0p Partially Label-dependent”: The percentage of rules, which contain label conditions, as well
as attribute conditions, in their bodies.

* “0% Not Label-dependent”: The percentage of rules, whose bodies do not contain any label con-
ditions.

* “# Multi-Label Head Rules”: The number multi-label head rules, which are contained by the
learned model.

* “0p Multi-Label Head Rules”: The percentage of multi-label head rules among all induced rules.

* “Avg. # Labels per Head”: The number of label attributes, the induced rules contain in their
heads on average.

In Table 22, 23, 24, 25 and 26, the characteristics of the models, which have been learned by using the
rule-dependent evaluation strategy, are shown. Each of these tables corresponds to one of the data sets
MEepicaL, EMoTioNs, GENBASE, BIRDs and Scene. Based on the obtained data, the following conclusions
can be made:

— When using example-based averaging or macro-averaging together with the F-Measure or the preci-
sion metric for measuring the performance of candidate rules, the Multi+/+ approaches on average
induce far less rules, than when using micro-averaging or label-based averaging. As mentioned in
the previous section, these approaches also tend to result in poor predictive performance. Prob-
ably this is, because the few rules, which are learned by said approaches, overgeneralize on the
training data and therefore are not able to model label associations in a very differentiated way.
Furthermore, if only few rules are learned by an algorithm, these rules are unlikely to contain label
conditions in their bodies.

— On average, the percentage of rules, which either partially or fully depend on label conditions,
seems to increase when using the Singlex approaches, rather than the variants of the Single+
approach. This does also apply to the Multi+ variants, which tendentially result in more label-
dependent rules being learned, than when using the Multi+ approaches. The amounts of label-
dependent rules, which have been induced by using the algorithm by Loza Men¢ia and Janssen,
respectively by the algorithm for learning multi-label head rules, are close to each other for the
most time, if micro- or label-based averaging is used by the latter algorithm. However, when using
the precision metric, the label-dependent rules, which are induced by the first of both algorithms,
outnumber those that are learned by the latter one. A possible explanation of this particularity
could be, that the latter algorithm results in many multi-label head rules being learned in these
cases. Because multi-label head rules are also able to model label correlations, they might be
preferred over label-dependent rules.

— In general, significantly more multi-label head rules are induced by the Multi+/+ approaches,
when using the precision metric, rather than the F-Measure, hamming accuracy or subset accuracy,
for selecting candidate rules. Also, the learned multi-label head rules tend to consist of more label
attributes in those cases. The reasons for this behavior are discussed more detailed in the following.

As the statistical evaluation of the learned models revealed, only few multi-label head rules are induced
when using any evaluation metric other than the precision metric together with a rule-dependent evalua-
tion. In the following, this phenomenon is explained by giving an example. The example is based on the
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exemplary label vectors of fictional training examples, which are shown in Table 9. Two of the examples,
which are given in said table, are assumed to be covered by a rule, whereas the remaining examples
are assumed to be uncovered. According to Table 9, the labels A; and A, are both associated with the
covered examples, whereas the other labels are irrelevant. It seems obvious, that a multi-label head,
which predicts both, the label A,, as well as the label A, as relevant, models the label associations of
the covered examples best. However, only if the precision metric is used for measuring the performance
of potential heads, such a multi-label head is chosen. Using a different evaluation function results in a
single-label head to be chosen instead.

Covered

v, 0 0 1 0

Not covered 2 8 (1) 1 (1)
v,]0 0 1 1

1 1 0 0

1 1 0 0

Table 9: Exemplary label vectors of training examples referred to in Table 10 and given the label space
L = (A4, A4, A3,A,). Some examples are covered by a potential rule’s body, some are not.

In Table 10, the performances of the single-label heads {y,} and {J,}, as well as of the multi-label head
{31, ¥}, according to different evaluation functions, are shown. Only if the precision metric is used,
the multi-label head {§,, J,} is preferred over the single-label head {y;}. The given performances are
calculated by using micro-averaging and the rule-dependent evaluation strategy. However, when using a
different averaging strategy, the performance evaluations would result in a similar outcome.

Precision Recall Hamming Accuracy lz—/;\/liagl'lg)e Subset Accuracy
{n} 1 1 1) 1) 1)
{72} 1 g % i_l %
{71, 32} g :1: :) % ‘g‘ % ?,

Table 10: Performance of the multilabel heads {¥,}, {75} and {¥,, ¥»} according to different evaluation
functions and given the label vectors in Table 9. In this example micro-averaging is used to-
gether with the rule-dependent evaluation strategy. The performance of the best rated head
according to each evaluation function is circled.

As Table 10 reveals, the use of recall, hamming accuracy, F-Measure or subset accuracy does not result
in a multi-label head rule to be chosen, because the single-label head rule {§,} is rated higher in all of
these cases. This is, because all of these evaluation functions take true negatives or false negatives into
account and therefore depend on the uncovered examples. The label A, is set in the label vector Y5, but
it is never predicted as relevant, because the given rule does not cover the corresponding example. The
label is therefore counted as a false negative. When using the rule-dependent evaluation strategy, this
causes the performance of a rule, which predicts label A, as relevant, to decrease in comparison to a
rule, which only predicts label A;. This is, because, when only predicting the label A, the predictions
for that label are considered as perfect. According to the rule-dependent evaluation strategy, the label
A, is not taken into account at all in such case. If the label A, is predicted in addition, it is taken into
account by the performance evaluation and causes the overall performance of the rule to suffer, because
the predictions are not considered as perfect in case of the label vector Ys.
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In the following, the characteristics of models, which have been learned by using the rule-independent
evaluation strategy, are analyzed. This corresponds to the statistics, which are shown in Table 27, 28,
29, 30 and 31 of Appendix B.

— The models of approaches, which utilize the rule-independent evaluation strategy, tend to consist
of more multi-label head rules than those of corresponding approaches using a rule-dependent
evaluation. The number of induced rules — and therefore the chance of multi-label head rules
being learned - strongly depends on the used averaging strategy. When using micro-averaging
or label-based averaging, tendentially more rules are learned, than when using example-based
averaging or macro averaging. This does not apply to the hamming accuracy metric, because all
averaging strategies are equivalent in that case. Moreover, the use of stopping rules seems to have
an impact on the size of the learned models as well. Approaches, which make use of stopping
rules, often result in more rules being learned, than corresponding approaches, which do not use
stopping rules.

— When using the rule-independent evaluation strategy, while allowing to model the associations
of irrelevant labels, all induced rules are multi-label head rules. Furthermore, all of these rules
predict a fully set label vector, i.e. for all available labels a prediction is made. When micro-
averaging or label-based averaging is used together with the precision metric, a large number of
rules is induced. This allows to conclude, that the Multi+ approaches tend to overfitting in such
case. This is, because the rules only cover few examples and predict their full label vectors. When
using different averaging strategies or evaluation functions, only very few rules are learned. Such
rules are prone to overgeneralize, as they cover a lot of examples and predict a full label vector,
instead of differentiating between the labels, which are associated with individual examples.
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7 Conclusion

As the conclusion of this work, a summary of its most important contributions is given in this last chapter.
On the one hand, this includes an overview of the previous chapters’ contents. On the other hand,
possible improvements of the proposed algorithm and further investigations, which are not part of this
work, are pointed out as well.

7.1 Summary

In this work, a separate-and-conquer rule learning algorithm, which is able to induce multi-label head
rules, was proposed. As it is based on the separate-and-conquer algorithm for multi-label classification
by Loza Mencia and Janssen [2015], it reuses some aspects, which have been elaborated as part of the
original algorithm’s publication. Such as the original algorithm, the approach, which was presented in
this work, optionally enables to use stopping rules and is able to model associations of irrelevant labels
in addition to those of relevant labels. In order to be able to implement the search for multi-label head
rules in an efficient way, the properties of anti-monotonous and decomposable evaluation functions were
formally defined. As it was illustrated in this work, by exploiting these properties, searches through the
label space can be pruned by leaving out the evaluation of unpromising label combinations. Furthermore,
common metrics for measuring the performance of multi-label head rules — namely precision, recall,
hamming accuracy, subset accuracy and the F-Measure — were examined in terms of anti-monotonicity
and decomposability. As the examinations revealed, most of these metrics are suited for being used for
pruned searches. When using a rule-dependent evaluation strategy, most metrics meet the definition of
decomposability. No deep searches through the label space are required in such cases at all. When using
a rule-independent evaluation instead, most metrics meet the definition of anti-monotonicity, which
enables to prune searches less extensively. An overview of whether the considered metrics fulfill the
definitions of anti-monotonicity and decomposability, according to the examinations, which were part
of this work, is given in Table 7.2. By statistically evaluating the outcome of the proposed algorithm
on different multi-label data set, its predictive performance was compared to those of other multi-label
classification approaches. As the experiments revealed, the algorithm is able to outperform the popular
binary relevance method, if correlations between labels are given in a data set. This is, because the
algorithm is able to model such correlations by using label-dependent rules, as well as by rules, which
contain multiple label predictions in their heads. It was further shown, that the presented algorithm can
compete with the algorithm for learning single-label head rules by Loza Menc¢ia and Janssen in terms
of predictive performance. Especially when using the rule-dependent evaluation strategy together with
micro-averaging or example-based averaging, the algorithm results in reliable predictions. Depending
on the data set, as well as on the used heuristic for selecting candidate rules, the original algorithm could
even be outperformed in some cases.

7.2 Future Work

Besides the evaluation metrics, which were considered in this work, other heuristics — e.g. the Jaccard
metric [Gjorgjioski et al., 2011] — are suited to be used by the proposed algorithm as well. In order to
use different metrics than those, which were considered in this work, they must be examined in terms
of anti-monotonicity, respectively decomposability, beforehand. This is necessary to ensure, that they
are suited for being used for pruned searches through the label space. However, the examination of
additional metrics is left for future work, if necessary.

During the elaboration of this work, there were considerations to utilize a beam-search for refining
the conditions of potential rules. This idea was motivated by the fact, that in each refinement step, the
proposed algorithm only chooses one single rule. At first, only rules, which contain a single condition in
their body, are considered. Among these rules, the one, which reaches the best performance, is chosen.
Afterwards, all possible refinements, which result from adding an additional condition to the chosen
rule’s body, are evaluated. Among these refinements, only the highest rated rule is chosen again. This
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process continues until no refinements result in a higher performance being reached anymore. In theory,
the rules which are discarded during the refinement process, might outperform the rule, which is finally
chosen by the algorithm, because their performances might increase when adding additional conditions
to their body. As refining all potential rules would require to perform an exhaustive with exponential
computational complexity, this is not feasible in practice. As an alternative, a beam-search would allow
to keep track of the most 3 promising rules and refine all of them (where 8 € N is a beam width greater
or equal to 1). However, although a beam search was implemented, the effects of using such approach
were not further investigated. As a possible topic of a future work, it might be interesting to evaluate,
whether the use of a beam-search has the potential to increase the algorithm’s predictive performance
and therefore justifies the negative impact it has in terms of computational complexity.

As the empirical studies on different data sets have revealed, when selecting candidate rules based
on a heuristic other than the precision metric, multi-label head rules are unlikely to be induced. This
is, because these metrics take true negatives and false negatives into account and therefore uncovered
examples have an impact on the measured performance. In order to introduce a bias towards learning
multi-label head rules, when using such heuristics, it would be possible to weight the performances of
rules, depending on the number of labels they predict. Rules, which predict more labels should be rated
better than those, that predict less labels. For example, this could be achieved by introducing a parameter
k € R (e.g. k = 1.1), which affects the performance h of a multi-label head rule ¥ « B according to the
following equation. However, as the use of such weights directly affects the performances of rules, the
effects on the anti-monotonicity and decomposability properties of individual evaluation functions must
further be investigated.

h=6% «<B,T) k" withk>1

When using a rule-dependent evaluation, the best multi-label head of a rule is derived from the per-
formances of single-label head rules. The labels, which are predicted by single-label head rules, which
reach the highest performance, are combined in order to make up the best multi-label head. By default,
the predictions of single-label head rules are only combined, if those rules reach the exact same per-
formance. By relaxing this constraint, it would be possible to introduce a bias towards the induction
of multi-label head rules. This could be achieved by introducing a parameter € € R (e.g. € = 0.05),
which specifies a tolerance limit. Even if the performance h of a single-head rule is less than the best
performance h,,,,, its prediction is taken into account for making up the best multi-label head rule, if
hpese —h < €. Investigating the effects of introducing a bias towards the induction of multi-label head
rules on the predictive performance and learned models of the proposed algorithm is left for future work.
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Evaluation Function

Evaluation Strategy

Averaging Strategy

Anti-Monotonicity /

Decomposability
Micro-Averaging Yes / Yes
Label-based Averaging Yes / Yes
Rule-dependent Example-based Averaging Yes / Yes
Precision Macro-Averaging Yes / Yes
Micro-Averaging Yes / -
. Label-based Averaging Yes / -
Rule-independent Example-based Averaging Yes / -
Macro-Averaging Yes / -
Micro-Averaging Yes / Yes
Label-based Averaging Yes / Yes
Rule-dependent Example-based Averaging -/ -
Macro-Averaging Yes / Yes
Recall Micro-Averaging Yes / -
. Label-based Averaging Yes / -
Rule-independent Example-based Averaging -/ -
Macro-Averaging Yes / -
Micro-Averaging Yes / Yes
Label-based Averaging Yes / Yes
Rule-dependent Example-based Averaging Yes / Yes
. Macro-Averaging Yes / Yes
Hamming Accuracy Micro-Averaging Yes / -
. Label-based Averaging Yes / -
Rule-independent Example-based Averaging Yes / -
Macro-Averaging Yes / -
Micro-Averaging Yes / Yes
Label-based Averaging Yes / Yes
le- t ;
Rule-dependen Example-based Averaging Yes / Yes
Macro-Averaging Yes / Yes
F-Measure Micro-Averaging Yes / -
. Label-based Averaging Yes / -
Rule-independent Example-based Averaging Yes / -
Macro-Averaging Yes / -
Rule-dependent . Yes / -
Subset Accuracy Rule-independent Example-based Averaging E

A DN W WDNDNR -

[e)We) o) Ne N0 BV BNV IO e

Table 11: Anti-monotonicity and decomposability of selected evaluation functions, regarding different
averaging and evaluation strategies. The numbers at the right indicate equivalent variants.

98



A Results of Performance Evaluations

Approach | Mamm.  Subset | Bxbased  Expased  Expased | ML N WA
F-Measure
BR 98.60% 5 55.81% 5 | 71.30% 5 76.07% 11 71.65% 6 | 74.38% 3 75.13% 11  74.75% 5 5
Single+ ., 97.34% 13 22.17% 13 | 52.71% 13  75.45% 12 59.96% 13 | 51.26% 13 73.75% 15 60.48% 13 | 15
Single+ 98.17% 10 45.58% 10 | 67.65% 10 87.88% 5 73.47% 4 | 61.97% 10 87.38% 5 7251% 8 | 6
Multi+opmm | 98.45% 85 53.80% 85 [ 68.70% 85 74.11% 165 69.45% 115| 71.15% 85 73.38% 165 72.25% 95 | 115
Multi+gopmy | 98.45% 85 53.80% 85 [ 68.70% 85 74.11% 165 69.45% 115| 71.15% 85 73.38% 165 72.25% 95 | 115
Multi+gopym | 18.77% 205  0.00% 17.5| 3.24% 165 98.14% 15  6.23% 165| 3.21% 165 95.75% 15  6.22% 165| 165
Multi+goppm | 18.77% 205 0.00% 175 3.24% 165 98.14% 15  6.23% 165| 3.21% 165 95.75% 15  6.22% 165| 165
Multi+ 98.00% 115 45.12% 11.5| 64.89% 115 82.58% 65 69.66% 95 | 60.04% 115 81.88% 65 69.28% 115| 95
Multi+ 98.00% 115 45.12% 11.5| 64.89% 115 82.58% 65 69.66% 95 | 60.04% 115 81.88% 65 69.28% 115| 95
Multi+ 56.02% 185  0.00% 175| 5.56% 145 93.70% 35 10.41% 145| 5.55% 145 93.38% 35 10.48% 145 135
Multi+ 56.02% 185  0.00% 175 | 5.56% 145 93.70% 35 10.41% 145| 5.55% 145 93.38% 35 10.48% 145| 135
Singlex g, 98.79% 1 62.79% 1 | 75.45% 1 78.19% 10 7526% 1 | 78.21% 2  77.63% 10 77.92% 1 1
Singlex 98.78% 2  59.69% 4 | 72.51% 4 74.96% 15 72.23% 5 | 79.92% 1 74.63% 12 77.18% 2 | 4
Multi* op mm | 98.63% 35 59.84% 25 | 73.68% 25 79.84% 85 74.89% 25| 73.32% 65 79.00% 85 76.05% 35 | 25
Multi® g, my | 98.63% 35 59.84% 25 | 73.68% 25 79.84% 85 74.89% 25 | 73.32% 65 79.00% 85 76.05% 35 | 25
Multi®gop v | 97.24% 155 0.00% 175  0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195| 205
Multigop s | 97.24% 155 0.00% 175  0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195| 185
Multit 98.57% 65 55.66% 65 | 70.17% 65 75.19% 135 70.80% 75 | 73.95% 45 74.50% 135 74.22% 65 | 7.5
Multi 98.57% 65 55.66% 65 | 70.17% 65 75.19% 135 70.80% 7.5 | 73.95% 45 74.50% 135 74.22% 65| 7.5
Multi+ 97.24% 155  0.00% 175| 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195 | 205
Multi+ 97.24% 145 0.00% 175| 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 19.5| 185
Hamming Accuracy
BR 08.48% 15 54.57% 15 | 68.89% 15 73.80% 11 69.46% 17 | 72.11% 15 73.38% 11  72.74% 13 | 17
Single+ ¢, 97.58% 20 29.61% 20 | 56.99% 20 77.93% 5 63.59% 20 | 54.35% 20 76.50% 6  63.55% 20 | 20
Single+ 97.07% 21 20.00% 21 | 49.50% 21 77.49% 6 57.84% 21 | 48.11% 21 77.75% 5 59.44% 21 | 21
Multi+gop mm | 98.60% 105 58.29% 25 [ 73.32% 25 77.11% 85 73.27% 25 | 74.17% 105 75.75% 85 74.95% 25 | 25
Multi+gopmy | 98.60% 105 58.29% 25 [ 73.32% 25 77.11% 85 73.27% 25 | 74.17% 105 75.75% 85 74.95% 25 | 25
Multi+goppm | 98.60% 105  58.29% 25 [ 73.32% 25 77.11% 85 73.27% 25 | 74.17% 105 75.75% 85 74.95% 25 | 25
Multi+goppm | 98.60% 105  58.29% 25 [ 73.32% 25 77.11% 85 73.27% 25 | 74.17% 105 75.75% 85 74.95% 25| 25
Multi+ 98.32% 175 48.53% 17.5| 67.32% 17.5 78.58% 25 70.22% 145| 66.60% 175 78.25% 25 71.95% 17.5| 145
Multi+ 98.32% 175 48.53% 175| 67.32% 175 78.58% 25 70.22% 145| 66.60% 175 78.25% 25 71.95% 17.5| 145
Multi+ 7, 98.32% 175  48.53% 17.5| 67.32% 175 78.58% 25 70.22% 145| 66.60% 175 78.25% 25 71.95% 175| 145
Multi+ 98.32% 175 48.53% 17.5| 67.32% 17.5 78.58% 25 70.22% 145| 66.60% 175 78.25% 25 71.95% 17.5| 145
Singlex g, 98.50% 135 55.35% 135| 68.94% 135 70.90% 205 68.30% 185| 74.02% 135 70.50% 20.5 72.22% 145 185
Single+ 98.50% 135 55.35% 135| 68.94% 135 70.90% 205 68.30% 185| 74.02% 135 70.50% 20.5 72.22% 145 185
Multi*op mm | 98.64% 45 57.52% 85 | 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45 72.50% 155 74.60% 85 | 85
Multi® g, my | 98.64% 45 57.52% 85 [ 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45 72.50% 155 74.60% 85 | 85
Multi* g op v | 98.64% 45 57.52% 85 [ 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45 72.50% 155 74.60% 85 | 85
Multi® g,y | 98.64% 45 57.52% 85 [ 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45 72.50% 155 74.60% 85 | 85
Multix 98.64% 45 57.52% 85| 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45 72.50% 155 74.60% 85 | 85
Multi+ 98.64% 45 57.52% 85 | 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45 72.50% 155 74.60% 85 | 85
Multi 7, 98.64% 45 57.52% 85 | 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45 72.50% 155 74.60% 85 | 85
Multi% 5 98.64% 45 57.52% 85 | 70.63% 85 72.87% 155 70.23% 85 | 76.82% 45  72.50% 155 74.60% 85| 85
Precision
BR 97.65% 7 31.47% 7 | 49.56% 7 56.25% 15 50.25% 7 | 57.47% 7 56.25% 14 56.85% 7 7
Single+ g, 96.91% 14 24.65% 10 | 45.75% 10 56.72% 14 48.29% 8 | 45.11% 10 55.88% 15 49.92% 10 [ 11
Single+ 95.91% 15 17.98% 11 | 39.46% 11  67.91% 6 46.33% 11 | 36.80% 11 67.63% 5 47.67% 11| 8
Multi+ gop mm | 97.22% 125 29.77% 85 | 47.63% 85 52.07% 165 47.71% 95 | 49.52% 85 51.75% 165 50.61% 85 [ 95
Multi+gopmy | 97.22% 125 29.77% 85 | 47.63% 85 52.07% 165 47.71% 95 | 49.52% 85 51.75% 165 50.61% 85 | 95
Multi+gop v | 18.77% 205 0.00% 175 3.24% 165 98.14% 15  6.23% 165| 3.21% 165 97.75% 15  6.22% 165| 165
Multi+gopam | 18.77% 205 0.00% 17.5| 3.24% 165 98.14% 15  6.23% 165| 3.21% 165 97.75% 15  6.22% 165| 165
Multi+ 95.67% 165 14.57% 125| 38.09% 125 65.79% 95 44.58% 125| 34.85% 125 65.88% 7.5 45.59% 125 125
Multi-+ 5 95.67% 165 14.57% 125| 38.09% 125 65.79% 95 44.58% 125| 34.85% 125 65.88% 7.5 45.59% 125 125
Multi+ 56.02% 185  0.00% 17.5| 5.56% 145 93.70% 35 10.41% 145| 5.55% 145 93.38% 35 10.48% 14.5| 145
Multi+ 56.02% 185  0.00% 175| 5.56% 145 93.70% 35 10.41% 145| 5.55% 145 93.38% 35 10.48% 145 145
Singlex g, 98.34% 1 49.92% 3 | 66.23% 1 68.86% 5 65.70% 1 | 70.92% 1 67.38% 6 69.10% 1 1
Single+ 98.20% 6 45.74% 6 | 62.16% 4 65.74% 11  62.14% 4 | 68.10% 6 65.38% 9 66.71% 4 4
Multi®gop mm | 98.26% 25 51.47% 15 | 64.55% 25 65.87% 75 63.69% 25 | 70.29% 25 63.88% 105 66.93% 25 | 25
Multi+gop my | 98.26% 25 51.47% 15 | 64.55% 25 65.87% 75 63.69% 25 | 70.29% 25 63.88% 105 66.93% 25 | 25
Multi® g, v | 97.24% 95 0.00% 175 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195| 195
Multi®gop v | 97.24% 95 0.00% 175 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195| 195
Multi+ 98.21% 45 49.77% 45 | 62.15% 55 63.62% 125 61.44% 55 | 69.76% 45 62.00% 125 65.65% 55 | 55
Multi 98.21% 45 49.77% 45 | 62.15% 55 63.62% 125 61.44% 55 | 69.76% 45 62.00% 125 65.65% 55 | 55
Multi 97.24% 95  0.00% 175| 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195 19.5
Multi 97.24% 95  0.00% 17.5| 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 19.5| 19.5
Subset Accuracy
Multi+goppm | 98.55% 1 58.76% 1 | 72.12% 1 75.25% 2  72.09% 1 | 73.42% 1 74.25% 2  73.83% 1 1
Multi+ 98.24% 2  46.82% 2 | 65.96% 2 7850% 1 69.26% 2 | 65.04% 2 78.38% 1 71.09% 2 | 2
Multi:* g0, prm n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ ., n/a n/a n/a n/a n/a n/a n/a n/a

Table 12: Predictive performance of different multi-label classification approaches on the data set
MEebicaL using the rule-dependent evaluation strategy. Some approaches did not finish in time.
n/a".

The missing values are indicated by using the labe

IM

99



ppproach | Famm.  Subser | Bxhased  Bxohased  Expased | ML M W A
F-Measure
BR 72.94% 3 18.81% 7 | 57.03% 1 53.22% 13 51.89% 5 | 59.83% 3 54.14% 14 56.84% 5 3
Single+ g, 65.26% 16  9.41% 12 | 47.52% 12 59.32% 8  49.68% 13 | 47.79% 12 59.65% 8  53.07% 13 | 13
Single+ 64.11% 17 10.89% 10 | 45.25% 13  67.16% 7 50.79% 12 | 46.85% 13 67.17% 7  55.20% 10 | 12
Multi+ gop mm | 71.62% 85 14.36% 85 | 55.07% 45  55.69% 95 51.67% 65 | 57.11% 85  55.39% 95 56.23% 85 | 85
Multi+ gop mpy | 71.62% 85  14.36% 85 | 55.07% 45  55.69% 95 51.67% 65 | 57.11% 85  55.39% 95 56.23% 85 | 85
Multi+ gop pm | 33.17% 195 0.00% 175 | 33.04% 155 100.00% 25 48.59% 155 33.00% 155 100.00% 25 49.63% 155| 155
Multi+ gop s | 33.17% 195 0.00% 175 | 33.04% 155 100.00% 25 48.59% 155 33.00% 155 100.00% 25 49.63% 155| 155
Multi+ 68.65% 105  9.41% 12 | 53.45% 105  70.54% 55 56.66% 15 | 51.75% 105  70.43% 55 59.66% 15 | 45
Multi+ 68.65% 105  9.41% 12 | 53.45% 105  70.54% 55 56.66% 15 | 51.75% 105  70.43% 55 59.66% 15 | 45
Multi+ 33.17% 195  0.00% 17.5 | 33.04% 155 100.00% 25 48.59% 155| 33.00% 155 100.00% 25 49.63% 155 155
Multi+ 33.17% 195 0.00% 17.5| 33.04% 155 100.00% 25 48.59% 155| 33.00% 155 100.00% 25 49.63% 155 155
Single* g, 73.27% 15 19.31% 55 | 55.03% 65  52.48% 165 51.02% 105| 60.50% 15  54.14% 14 57.14% 35| 65
Single+ 73.27% 15 19.31% 55 | 55.03% 65  52.48% 165 51.02% 105| 60.50% 15  54.14% 14 57.14% 35| 65
Multi ;op mm | 72.52% 45  21.29% 15 | 56.19% 25  55.45% 115 52.79% 35 | 58.92% 45  54.64% 115 56.70% 65 | 15
Multi*gop my | 72.52% 45  21.29% 15 | 56.19% 25  55.45% 115 52.79% 35 | 58.92% 45  54.64% 115 56.70% 65 | 15
Multi* ;5 pm | 67.08% 135 0.00% 175 0.00% 195 0.00% 195  0.00% 195| 0.00% 195 0.00% 195  0.00% 195 20.5
Multi ;o 0 | 67.08% 135 0.00% 175  0.00% 195 0.00% 195  0.00% 195| 0.00% 195 0.00% 195  0.00% 195 | 185
Multi+ ., 71.70% 65 20.79% 35 | 54.91% 85  53.05% 145 51.21% 85| 57.65% 65  52.88% 165 55.16% 115| 105
Multi 71.70% 65 20.79% 35 | 54.91% 85  53.05% 145 51.21% 85| 57.65% 65  52.88% 165 55.16% 115| 105
Multi+ 67.08% 135  0.00% 17.5| 0.00% 195 0.00% 195  0.00% 195| 0.00% 195 0.00% 195  0.00% 195 20.5
Multi+ 67.08% 125 0.00% 175 | 0.00% 195 0.00% 195  0.00% 195| 0.00% 195 0.00% 195 0.00% 195 | 185
Hamming Accuracy
BR 71.53% 11 15.35% 11 | 53.99% 13 54.62% 11  50.22% 10 | 57.03% 11 54.89% 11 55.94% 13 | 13
Single+ g, 36.55% 21 0.99% 21 [ 34.61% 21 94.47% 1  48.38% 19 | 33.51% 21 94.24% 1 49.44% 21 | 21
Single+ 59.65% 16  6.93% 20 | 45.16% 20 76.07% 6 53.55% 5 | 43.64% 16 77.44% 2  55.83% 14 | 16
Multi+gop mm | 71.29% 135  10.89% 155 | 54.24% 105  58.75% 85 53.01% 7.5 | 56.06% 135  59.15% 85 57.56% 25 | 105
Multi+ gop mpyr | 71.29% 135  10.89% 155 | 54.24% 105  58.75% 85 53.01% 7.5 | 56.06% 135  59.15% 85 57.56% 25 | 105
Multi+ gop pm | 71.29% 135  10.89% 155 | 54.24% 105  58.75% 85 53.01% 7.5 | 56.06% 135  59.15% 85 57.56% 25 | 105
Multi+goppms | 71.29% 135  10.89% 155 | 54.24% 105  58.75% 85 53.01% 7.5 | 56.06% 135  59.15% 85 57.56% 25 | 105
Multi+ 57.26% 185 10.89% 155| 46.21% 175  77.39% 35 54.09% 25 | 41.90% 185  77.19% 45 54.32% 185 16
Multi+ 57.26% 185 10.89% 155| 46.21% 175  77.39% 35 54.09% 25 | 41.90% 185  77.19% 45 54.32% 185 16
Multi+ pz,, 57.26% 185 10.89% 155| 46.21% 175  77.39% 35 54.09% 25 | 41.90% 185  77.19% 45 54.32% 185 16
Multi+ 57.26% 185 10.89% 155| 46.21% 175  77.39% 35 54.09% 25 | 41.90% 185  77.19% 45 54.32% 185 16
Single* g, 74.34% 95 17.82% 95 | 53.96% 145  46.62% 205 47.41% 20.5| 65.60% 95  46.37% 205 54.33% 155 195
Single+ 74.34% 95 17.82% 95 | 53.96% 145  46.62% 205 47.41% 205| 65.60% 95  46.37% 205 54.33% 155| 195
Multi+ o) mm | 74.83% 45 18.81% 45 | 58.25% 45  48.02% 155 49.84% 145 | 65.99% 45  48.62% 155 55.99% 85 | 45
Multi o, ppy | 74.83% 45  18.81% 45 | 58.25% 45  48.02% 155 49.84% 145 65.99% 45  48.62% 155 55.99% 85 | 4.5
Multi ;o prm | 74.83% 45  18.81% 45 | 58.25% 45  48.02% 155 49.84% 145 65.99% 45  48.62% 155 55.99% 85 | 45
Multi*gopams | 74.83% 45  18.81% 45 | 58.25% 45  48.02% 155 49.84% 145 65.99% 45  48.62% 155 55.99% 85 | 45
Multi+ ., 74.83% 45 18.81% 45 | 58.25% 45  48.02% 155 49.84% 145| 65.99% 45  48.62% 155 55.99% 85 | 45
Multi+ 74.83% 45 18.81% 45 | 58.25% 45  48.02% 155 49.84% 145| 65.99% 45  48.62% 155 55.99% 85 | 45
Multi yz,, 74.83% 45 18.81% 45 | 58.25% 45  48.02% 155 49.84% 145| 65.99% 45  48.62% 155 55.99% 85 | 45
Multiz 74.83% 45 18.81% 45 | 58.25% 45  48.02% 155 49.84% 145| 65.99% 45  48.62% 155 55.99% 85 | 45
Precision
BR 69.22% 6 11.88% 6 | 43.73% 10  47.11% 17 41.84% 17 | 53.69% 6 47.37% 17 50.33% 11 | 11
Single+ g, 62.71% 14  5.45% 10 | 44.71% 7 58.33% 8 47.53% 13 | 45.01% 10 59.90% 8 51.40% 10 | 10
Single+ 56.35% 17  4.95% 11 | 43.72% 11 80.69% 5 53.06% 1 | 41.71% 11 81.95% 5 55.28% 3 6
Multi+gop mm | 66.50% 125 10.40% 8 | 44.50% 85  47.52% 155 43.52% 155| 49.13% 85  49.62% 155 49.38% 165| 165
Multi+ gop my | 66.50% 125  10.40% 8 | 44.50% 85  47.52% 155 43.52% 155 49.13% 85  49.62% 155 49.38% 165| 165
Multi+gop ym | 33.17% 195 0.00% 175 | 33.04% 155 100.00% 25 48.59% 105 | 33.00% 155 100.00% 25 49.63% 135 135
Multi+ goppms | 33.17% 195 0.00% 175 | 33.04% 155 100.00% 25 48.59% 10.5| 33.00% 155 100.00% 25 49.63% 135| 135
Multi+ 56.77% 155  2.97% 125| 41.74% 125  76.32% 65 50.45% 55 | 41.63% 125  77.94% 65 54.28% 75| 8
Multi+ ;5 56.77% 155  2.97% 125| 41.74% 125  76.32% 65 50.45% 55 | 41.63% 125  77.94% 65 54.28% 75| 8
Multi+ 33.17% 195  0.00% 17.5 | 33.04% 155 100.00% 25 48.59% 105| 33.00% 155 100.00% 25 49.63% 135 135
Multi+ 33.17% 195  0.00% 175 | 33.04% 155 100.00% 25 48.59% 105| 33.00% 155 100.00% 25 49.63% 135 135
Single g, 71.53% 3  12.87% 5 | 54.46% 5 54.29% 9 51.14% 4 | 57.34% 3 52.88% 11  55.02% 4 3
Singlex 69.06% 7 10.40% 8 | 47.85% 6 49.67% 14  45.72% 14 | 53.17% 7 50.38% 14 51.74% 9 8
Multi o, mm | 71.53% 3  16.83% 35 | 55.73% 15  54.21% 105 51.67% 25 | 57.14% 45  54.14% 95 55.60% 15| 15
Multi ;op i | 71.53% 3 16.83% 35 | 55.73% 15  54.21% 105 51.67% 25 | 57.14% 45  54.14% 95 55.60% 15| 15
Multiz o, | 67.08% 95  0.00% 17.5|  0.00% 195 0.00% 195  0.00% 195| 0.00% 195 0.00% 195  0.00% 195 19.5
Multiz o | 67.08% 95 0.00% 175 |  0.00% 195 0.00% 195  0.00% 195| 0.00% 195 0.00% 195  0.00% 195 19.5
Multi+ 71.53% 3  17.82% 15 | 55.49% 35  51.24% 125 50.23% 7.5 | 57.42% 15  52.38% 125 54.78% 55 | 45
Multiz 71.53% 3  17.82% 15| 55.49% 35  51.24% 125 50.23% 7.5 | 57.42% 15  52.38% 125 54.78% 55 | 45
Multi+ yz,, 67.08% 95  0.00% 17.5| 0.00% 19.5 0.00% 195  0.00% 195| 0.00% 195 0.00% 195  0.00% 195 19.5
Multi+ 67.08% 95  0.00% 17.5| 0.00% 195 0.00% 195  0.00% 195| 0.00% 195 0.00% 195 0.00% 195| 19.5
Subset Accuracy
Multi+opym | 72.28% 3  14.85% 3 | 55.75% 2 58.58% 2 53.64% 1 | 57.63% 3 59.65% 2 58.62% 1 2
Multi+ 56.77% 4 11.88% 4 | 45.30% 4 75.91% 1  53.25% 2 | 41.45% 4 75.94% 1  53.63% 4 | 35
Multi o, pm | 75.66% 1 18.81% 1 | 56.27% 1 49.42% 3  49.83% 3 | 67.33% 1 50.63% 3  57.80% 2 1
Multi+ 75.17% 2  17.82% 2 | 54.25% 3 48.27% 4 48.23% 4 | 66.55% 2 49.37% 4 56.69% 3 | 35

Table 13: Predictive performance of different multi-label classification
EmoTioNs using the rule-dependent evaluation strategy.

approaches on

the data set
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Approach Hamm. Subset Ex.-based Ex.-based Ex.-based Mi. Mi. Mi. Avg.

Acc. Acc. Prec. Rec. F1 Prec. Rec F1 Rank
F-Measure
BR 99.91% 1 97.99% 1 99.25% 7 98.91% 6 98.91% 5 99.59% 1 98.37% 4 98.97% 1 1
Single+ stop 98.46% 13  58.79% 13 80.68% 13  99.58% 1 87.03% 13 75.00% 13 99.18% 1 85.41% 13 10
Single+ 99.11% 12 75.88% 12 90.98% 12 97.99% 11  92.98% 12 85.82% 12 96.33% 11 90.77% 12 13

Multi+gop mm | 99.85% 65 96.98% 45 | 99.25% 7  98.49% 95 98.64% 65 | 99.17% 85 97.55% 85 98.35% 65 | 65
Multi+gop my | 99.85% 65 96.98% 45 | 99.25% 7  98.49% 95 98.64% 65| 99.17% 85 97.55% 85 98.35% 65 | 65
Multi+ gop yrm | 22.93% 205 0.00% 17.5 5.50% 165 99.16% 25 10.28% 165 5.50% 165 98.37% 4  10.43% 165 145
Multi+gop s | 22.93% 205 0.00% 17.5 5.50% 165 99.16% 25 10.28% 165 5.50% 165 98.37% 4  10.43% 165| 145

Multi+ 99.26% 105  80.40% 10.5 92.21% 105  97.57% 125 93.36% 105 88.97% 105 95.51% 125 92.13% 105 115
Multi+ 99.26% 105  80.40% 10.5 92.21% 105  97.57% 125 93.36% 105 88.97% 105  95.51% 125 92.13% 105 115
Multi+ 52.08% 185 0.00% 17.5 8.18% 145 97.19% 145 14.86% 14.5 8.18% 145 93.06% 145 15.04% 145 165
Multi+ 5, 52.08% 185 0.00% 17.5 8.18% 145 97.19% 145 14.86% 145 8.18% 145 93.06% 145 15.04% 14.5| 165
Single g, 99.89% 25 96.98% 45 99.58% 35 99.08% 45 99.13% 15 99.18% 65 98.37% 4 98.77% 2.5 | 25
Single+ 99.89% 25 96.98% 4.5 99.58% 35 99.08% 45 99.13% 15 99.18% 65 98.37% 4 98.77% 2.5 | 2.5

Multi op mm | 99.87% 45  96.98% 4.5 99.75% 15 98.83% 75 99.05% 35 99.58% 25 97.55% 85 98.56% 45 | 45
Multi*gop myr | 99.87% 45  96.98% 4.5 99.75% 15 98.83% 75 99.05% 35 99.58% 2.5 97.55% 85 98.56% 45 | 45
Multi* op ym | 95.44% 155 0.00% 17.5 0.00% 195 0.00% 195 0.00% 195 0.00% 19.5 0.00% 195 0.00% 19.5| 195
Multi ;o pn | 95.44% 155 0.00% 17.5 0.00% 19.5 0.00% 19.5 0.00% 19.5 0.00% 19.5 0.00% 19.5 0.00% 195 195

Multi+ ., 99.57% 85 89.45% 85 | 99.25% 7  95.85% 165 97.02% 85 [ 99.55% 45 91.02% 165 95.10% 85 | 85
Multi 99.57% 85 89.45% 85| 99.25% 7  95.85% 165 97.02% 85 | 99.55% 45 91.02% 165 95.10% 85 [ 85
Multi 95.44% 155  0.00% 17.5 0.00% 195  0.00% 195  0.00% 19.5 0.00% 195  0.00% 195  0.00% 195| 195
Multi+ 95.44% 155  0.00% 17.5 0.00% 195 0.00% 195  0.00% 195 0.00% 195  0.00% 195  0.00% 195| 195
H ing Accuracy
BR 99.91% 7  97.99% 7 99.75% 7  99.16% 8  99.25% 7 99.59% 7 98.37% 8 98.97% 7 7
Single+ g, 98.40% 20 57.29% 20 | 80.43% 20 99.33% 1  86.72% 20 | 74.46% 20 98.78% 1  84.91% 20 | 16
Single+ 94.38% 21 27.14% 21 55.13% 21 98.91% 15 66.30% 21 | 44.69% 21 97.96% 15 61.38% 21 | 21

Multi+gopmm | 99.91% 7 97.99% 7 | 99.75% 7 99.16% 8 99.25% 7 | 99.59% 7 98.37% 8 98.97% 7 | 7
Multi+gopmy | 99.91% 7 97.99% 7 | 99.75% 7  99.16% 8 99.25% 7 | 99.59% 7 98.37% 8 98.97% 7 | 7
Multi+goppm | 99.91% 7 97.99% 7 | 99.75% 7  99.16% 8 99.25% 7 | 99.59% 7 98.37% 8 98.97% 7 | 7
Multi+gopam | 99.91% 7 97.99% 7 | 99.75% 7 99.16% 8 99.25% 7 | 99.59% 7 98.37% 8 98.97% 7 | 7

Multi+ 99.26% 175 80.40% 17.5 92.21% 175 97.57% 195 93.36% 17.5 88.97% 175  95.51% 195 92.13% 17.5| 185
Multi+ 99.26% 175 80.40% 17.5 92.21% 175  97.57% 195 93.36% 17.5 88.97% 175  95.51% 195 92.13% 17.5| 185
Multi+ pz, 99.26% 175  80.40% 17.5 92.21% 175 97.57% 195 93.36% 17.5 88.97% 175 95.51% 195 92.13% 17.5| 185
Multi+ 99.26% 175 80.40% 17.5 92.21% 175  97.57% 195 93.36% 17.5 88.97% 175 95.51% 195 92.13% 175 185
Single* g, 99.80% 145 94.97% 145 98.99% 145 97.99% 165 98.29% 14.5 99.16% 145 96.33% 165 97.72% 145 145
Single+ 99.80% 145 94.97% 145 98.99% 145 97.99% 165 98.29% 14.5 99.16% 145 96.33% 165 97.72% 145 145
Multi*op mm | 99.91% 7 97.99% 7 99.75% 7 99.16% 8  99.25% 7 99.59% 7 98.37% 8 98.97% 7 7
Multixgop my | 99.91% 7 97.99% 7 99.75% 7  99.16% 8  99.25% 7 99.59% 7 98.37% 8 98.97% 7 7
MUIﬁ:stap,Mm 99.91% 7 97.99% 7 99.75% 7 99.16% 8 99.25% 7 99.59% 7 98.37% 8 98.97% 7 7
Multi oppmr | 99.91% 7 97.99% 7 99.75% 7 99.16% 8  99.25% 7 99.59% 7 98.37% 8 98.97% 7 7
Multi+ ., 99.91% 7  97.99% 7 99.75% 7  99.16% 8  99.25% 7 99.59% 7 98.37% 8 98.97% 7 7
Multi+ 99.91% 7  97.99% 7 99.75% 7  99.16% &  99.25% 7 99.59% 7  98.37% 8 98.97% 7 7
Multi+ 99.91% 7  97.99% 7 99.75% 7 99.16% 8  99.25% 7 99.59% 7 98.37% 8 98.97% 7 7
Multi 99.91% 7  97.99% 7 99.75% 7 99.16% 8  99.25% 7 99.59% 7 98.37% 8  98.97% 7 7
Precision
BR 99.70% 8 92.46% 9 98.74% 8 96.78% 13 97.43% 9 99.57% 4 93.88% 10 96.64% 8 9
Sing1e+stop 98.03% 13 53.77% 13 78.23% 13 96.19% 14 84.17% 13 71.79% 13 93.47% 11 81.21% 13 13
Single+ 99.40% 10  86.93% 10 94.47% 12 95.94% 15  94.23% 10 94.19% 10 92.65% 15  93.42% 10 10

Multi+ opmm | 99.81% 25  95.48% 45 98.74% 8 97.65% 85 97.94% 7.5 99.58% 25 96.33% 75 97.93% 25| 45
Multi+gopmy | 99.81% 25  95.48% 4.5 98.74% 8 97.65% 85 97.94% 7.5 99.58% 25 96.33% 75 97.93% 25| 45
Multi+grop ym | 22.93% 205 0.00% 17.5 5.50% 165 99.16% 15 10.28% 165 5.50% 165 98.37% 2 10.43% 16.5| 145
Multi+gopam | 22.93% 205 0.00% 17.5 5.50% 165 99.16% 15 10.28% 165 5.50% 165 98.37% 2 10.43% 165 145

Multi+ 99.11% 115 85.93% 115 | 94.64% 105 94.10% 165 92.68% 115| 91.56% 115 88.57% 165 90.04% 115| 115
Multi+ 99.11% 115 85.93% 115 | 94.64% 105 94.10% 165 92.68% 115| 91.56% 115 88.57% 165 90.04% 115| 115
Multi+ 52.08% 185  0.00% 17.5 8.18% 145 97.19% 115 14.86% 14.5 8.18% 145 93.06% 13  15.04% 145| 165
Multi+ yp 52.08% 185  0.00% 17.5 8.18% 145 97.19% 115 14.86% 145 8.18% 145 93.06% 13  15.04% 145| 165
Single* ,, 99.85% 1  96.48% 2 98.99% 6  99.08% 3 98.81% 3 98.37% 5 98.37% 2  98.37% 1 1
Singlex 99.68% 9 94.47% 8 | 100.00% 1 97.36% 10 98.22% 6 | 100.00% 1  93.06% 13 96.41% 9 | 8

Multi op mm | 99.80% 45  96.48% 2 99.16% 45 98.99% 45 98.86% 15| 97.56% 85 97.96% 45 97.76% 45 | 25
Multi*gop s | 99.80% 45  96.48% 2 99.16% 45 98.99% 45 98.86% 15| 97.56% 85 97.96% 45 97.76% 45 | 25
Multi*gop ym | 95.44% 155 0.00% 17.5 0.00% 195  0.00% 195  0.00% 19.5 0.00% 195  0.00% 195  0.00% 195 | 195
Multi*opams | 95.44% 155 0.00% 175 0.00% 195  0.00% 195  0.00% 19.5 0.00% 195  0.00% 195  0.00% 195 | 195

Multi+ 99.76% 65 94.97% 6.5 99.45% 2.5 98.49% 65 98.77% 4.5 98.33% 65 96.33% 75 97.32% 65 6.5
Multi 99.76% 65 94.97% 6.5 99.45% 2.5 98.49% 65 98.77% 45 98.33% 65 96.33% 75 97.32% 65 6.5
Multi+ g, 95.44% 15.5 0.00% 17.5 0.00% 195 0.00% 195 0.00% 195 0.00% 195 0.00% 195 0.00% 195| 195
Multi 95.44% 155 0.00% 17.5 0.00% 19.5 0.00% 19.5 0.00% 19.5 0.00% 19.5 0.00% 19.5 0.00% 19.5| 195
Subset Accuracy
MUIti+stop,Mm 99.91% 2 97.99% 2 99.75% 2 99.16% 2 99.25% 2 99.59% 2 98.37% 2 98.97% 2 2
Multi+ 97.95% 4 46.23% 4 75.82% 4 97.74% 4 82.84% 4 70.15% 4 95.92% 4 81.03% 4 4
MUIﬁistap,Mm 99.91% 2 97.99% 2 99.75% 2 99.16% 2 99.25% 2 99.59% 2 98.37% 2 98.97% 2 2
Multi* g, 99.91% 2 97.99% 2 99.75% 2 99.16% 2 99.25% 2 99.59% 2 98.37% 2 98.97% 2 2

Table 14: Predictive performance of different multi-label classification approaches on the data set
GENBASE using the rule-dependent evaluation strategy.
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Approach | Mamm.  Sybset | Exhased  Ebased  Expased | ML i WA
F-Measure
BR 93.91% 7 41.49% 9 | 56.87% 5 56.04% 9 55.22% 6 40.56% 5 41.85% 10 41.85% 8 4
Single+ 1, 89.93% 14  2.48% 16 | 14.27% 16 19.39% 21  15.56% 16 22.12% 12 38.66% 17 38.66% 15 | 19
Single+ 84.41% 17 0.31% 18 | 9.43% 17 23.47% 20 12.73% 17 15.96% 15 48.24% 7 48.24% 5 | 18
Multi+ opmm | 93.48% 125  39.94% 115 54.23% 85 55.74% 105 53.49% 85 | 37.24% 105  40.58% 135  40.58% 115| 125
Multi+opmy | 93.48% 125  39.94% 115 54.23% 85 55.74% 105 53.49% 85 | 37.24% 105  40.58% 135  40.58% 115| 125
Multi+gopym | 5.39% 205  0.31% 18 | 5.39% 205 53.25% 125  9.41% 20.5 5.12% 185  100.00% 15 9.37% 165 | 205
Multi+ o, s 5.39% 205  0.31% 18 | 5.39% 205 53.25% 125  9.41% 205 5.12% 185 100.00% 15 9.37% 165 | 205
Multi+ 86.18% 155 32.51% 145| 42.34% 145 60.53% 15 45.92% 145 20.51% 135  59.42% 55  59.42% 35 | 105
Multi+ 5 86.18% 155 32.51% 145| 42.34% 145 60.53% 15 45.92% 145 20.51% 135  59.42% 55  59.42% 35 | 105
Multi+ 32.69% 185  0.00% 205 | 6.72% 185 49.07% 145 11.49% 185 6.63% 165  93.29% 35  93.29% 15 | 155
Multi+ 32.69% 185  0.00% 205| 6.72% 185 49.07% 145 11.49% 185 6.63% 165  93.29% 35  93.29% 15 | 155
Singlex g, 94.02% 6 39.32% 13 | 55.46% 7 56.79% 8 54.57% 7 41.35% 4 41.21% 115 41.21% 95| 5
Singlex 94.10% 5 41.18% 10 | 56.79% 6 57.56% 7  55.65% 5 42.02% 3 41.21% 115 41.21% 95| 3
Multi* op mm | 93.87% 85  43.03% 65 | 59.58% 15 59.33% 35 57.90% 15| 40.54% 65  43.13% 85  43.13% 65 | 15
Multi*op my | 93.87% 85 43.03% 65 | 59.58% 15 59.33% 35 57.90% 15| 40.54% 65  43.13% 85  43.13% 65| 15
Multi*op pm | 94.92% 15 47.06% 15 | 47.37% 105 47.21% 165 47.27% 105| 66.67% 15 0.64% 185 1.27% 185| 9
Multitgopnm | 94.92% 15 47.06% 15 | 47.37% 105  47.21% 165 47.27% 105| 66.67% 1.5 0.64% 18.5 1.27% 185| 8
Multi 93.74% 105 43.03% 65 | 57.60% 35 58.11% 55 56.44% 35| 38.73% 85  38.98% 155  38.98% 135| 65
Multi 93.74% 105 43.03% 65 | 57.60% 35 58.11% 55 56.44% 35| 38.73% 85  38.98% 155  38.98% 135| 65
Multi 94.90% 35  46.75% 35 | 46.75% 125 46.75% 185 46.75% 125 0.00% 205 0.00% 20.5 0.00% 205 | 155
Multi* 94.90% 35  46.75% 35 | 46.75% 125 46.75% 185 46.75% 125 0.00% 205 0.00% 205 0.00% 205 | 155
Hamming Accuracy
BR 93.16% 15 39.01% 11 | 52.59% 11  53.51% 15 51.66% 11 51.66% 11 39.62% 7 37.13% 5 | 11
Single+ ¢, 67.05% 21 1.55% 20 | 12.41% 20 28.78% 20  15.06% 20 15.06% 20 56.23% 1 14.83% 21 | 20
Single+ 85.25% 20  0.00% 21 | 10.84% 21 25.03% 21 14.42% 21 14.42% 21 47.28% 6 24.65% 20 | 21
Multi+ opmm | 93.29% 125  37.46% 135 51.68% 135 51.34% 175 50.16% 135| 50.16% 135  35.14% 95  34.81% 175| 175
Multi+ gopmy | 93.29% 125  37.46% 135 51.68% 135 51.34% 175 50.16% 135| 50.16% 135  35.14% 95  34.81% 175| 175
Multi+ oppim | 93.29% 125 37.46% 135 51.68% 135 51.34% 175 50.16% 135| 50.16% 135  35.14% 95  34.81% 175| 175
Multi+oppm | 93.29% 125 37.46% 135 51.68% 135 51.34% 175 50.16% 135| 50.16% 135  35.14% 95 34.81% 175 | 175
Multi+ 92.10% 175 34.06% 175| 49.35% 175 55.00% 125 50.06% 175| 50.06% 175  47.92% 35  38.22% 25 | 135
Multi+ 92.10% 175  34.06% 175 | 49.35% 17.5 55.00% 125 50.06% 17.5| 50.06% 175  47.92% 35  38.22% 25| 135
Multi+ 7, 92.10% 175 34.06% 175| 49.35% 175 55.00% 125 50.06% 175| 50.06% 175  47.92% 35  38.22% 25 | 135
Multi+ 92.10% 175 34.06% 175| 49.35% 175 55.00% 125 50.06% 175 50.06% 175  47.92% 35  38.22% 25 | 135
Single* g, 94.25% 15 46.44% 15 | 59.83% 15 56.37% 15 56.72% 15| 56.72% 15  31.95% 205  36.17% 145| 15
Single+ 94.25% 15 46.44% 15 | 59.83% 15 56.37% 15 56.72% 15| 56.72% 15  31.95% 205  36.17% 145| 15
Multi*op mm | 94.18% 65 44.27% 65 | 58.46% 65 55.52% 65 55.58% 65| 55.58% 65  32.91% 155  36.59% 95 | 65
Multi*op my | 94.18% 65  44.27% 65 | 58.46% 65 55.52% 65 55.58% 65| 55.58% 65  32.91% 155  36.59% 95| 65
Multi+oppm | 94.18% 65  44.27% 65 | 58.46% 65 55.52% 65 55.58% 65 | 55.58% 65  32.91% 155  36.59% 95 | 65
Multi*oppm | 94.18% 65  44.27% 65 | 58.46% 65 55.52% 65 55.58% 65 | 55.58% 65  32.91% 155  36.59% 95| 65
Multi ,,, 94.18% 65 44.27% 65 | 58.46% 65 55.52% 65 55.58% 65| 55.58% 65  32.91% 155  36.59% 95 | 65
Multi+ 94.18% 65 44.27% 65 | 58.46% 65 55.520% 65 55.58% 65| 55.58% 65  32.91% 155  36.59% 95 | 65
Multi y,, 94.18% 65 44.27% 65 | 58.46% 65 55.52% 65 55.58% 6.5 55.58% 6.5 32.91% 155 36.59% 95| 65
Multi* y 94.18% 65  44.27% 65 | 58.46% 65 55.520 65 55.58% 65| 55.58% 65  32.91% 155  36.59% 95 [ 65
Precision
BR 92.50% 11 38.70% 11 | 51.02% 7 52.87% 11 50.35% 7 30.81% 9 37.70% 85  37.70% 85| 7
Single+ g, 89.23% 14  2.48% 16 | 14.83% 16 20.06% 21  15.88% 16 20.21% 12 37.70% 85  37.70% 85 | 17
Single+ 74.71% 17 0.31% 18 7.20% 17 31.42% 20 11.08% 19 11.97% 15 62.30% 5 62.30% 5 | 21
Multi+sopmm | 92.29% 125 34.67% 125| 48.53% 85 50.17% 125 47.68% 85| 28.49% 105  33.87% 105  33.87% 105 105
Multi+opmy | 92.29% 125  34.67% 125 48.53% 85 50.17% 125 47.68% 85 | 28.49% 105  33.87% 105  33.87% 105| 105
Multi+ 1, yrm 5.39% 205  0.31% 18 | 5.39% 205 53.25% 95  9.41% 205 5.12% 185 100.00% 15 100.00% 15 | 145
Multi+opam | 5.39% 205 0.31% 18 [ 5.39% 205 53.25% 95  9.41% 205 5.12% 185 100.00% 15 100.00% 15 | 145
Multi+ 85.92% 155 33.75% 145 42.78% 145 57.08% 65 45.63% 145| 17.63% 135  47.92% 65  47.92% 65 | 125
Multi+ 85.92% 155 33.75% 145| 42.78% 145 57.08% 65 45.63% 145| 17.63% 135  47.92% 65  47.92% 65 | 125
Multi+ 7, 32.69% 185  0.00% 205| 6.72% 185 49.07% 145 11.49% 175 6.63% 165  93.29% 35  93.29% 35 | 195
Multi+ y 32.69% 185  0.00% 205 6.72% 185 49.07% 145 11.49% 17.5 6.63% 165  93.29% 35  93.29% 3.5 | 195
Singlex g, 94.15% 6 45.51% 85| 58.23% 6 56.68% 8  56.26% 6 40.80% 4 32.59% 17 32.59% 17 | 6
Singlex 94.43% 5 45.51% 85| 59.29% 1 57.62% 5 57.12% 3 43.93% 3 33.55% 13 33.55% 13 | 1
Multixgop mm | 93.32% 95 45.51% 85 | 59.28% 25 58.47% 35 56.93% 45| 34.10% 7.5  33.23% 155  33.23% 155| 45
Multi*op my | 93.32% 95 45.51% 85 | 59.28% 25 58.47% 35 56.93% 45 34.10% 75 33.23% 155  33.23% 155| 45
Multi®op pim | 94.92% 15 47.06% 15 | 47.37% 105 47.21% 165 47.27% 105| 66.67% 15 0.64% 185 0.64% 185 85
Multi®oppm | 94.92% 15 47.06% 15 | 47.37% 105 47.21% 165 47.27% 105| 66.67% 15 0.64% 185 0.64% 185 85
Multi* 93.79% 7.5 46.44% 55 | 58.24% 45 59.34% 15 57.21% 15| 37.77% 55  33.55% 13 33.55% 13 | 25
Multiz 93.79% 7.5 46.44% 55 | 58.24% 45 59.34% 15 57.21% 15| 37.77% 55  33.55% 13 33.55% 13 | 25
Multi 94.90% 35 46.75% 35 | 46.75% 125 46.75% 185 46.75% 125 0.00% 20.5 0.00% 205 0.00% 205 | 17
Multi 94.90% 35  46.75% 35 | 46.75% 125  46.75% 185 46.75% 125 0.00% 205 0.00% 205 0.00% 205 | 17
Subset Accuracy
Multi+oppm | 93.30% 3  38.39% 3 | 52.51% 3 53.13% 3 51.46% 3 35.24% 3 37.38% 2 36.28% 4 3
Multi+ 91.49% 4 30.65% 4 | 46.03% 4 52.42% 4 46.93% 4 29.63% 4 48.56% 1 36.80% 1 4
Multi*oppm | 94.18% 15  44.27% 15 | 58.46% 15 55.52% 15 55.58% 15 41.20% 15 32.91% 35 36.59% 25 | 15
Multi 94.18% 15 44.27% 15 | 58.46% 15 55.52% 15 55.58% 15| 41.20% 15  32.91% 35  36.59% 25| 15

Table 15: Predictive performance of different multi-label classification approaches on the data set Birps
using the rule-dependent evaluation strategy.
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approach | Mamm-  Sphmet | Bgbased  Expased  Expased | M " W
F-Measure
BR 83.04% 8 83.04% 5 | 45.41% 9 45.41% 13 47.97% 12 | 53.06% 8 53.06% 11 53.92% 9 9
Single+ ¢, 78.55% 14  78.55% 9 | 44.38% 10 44.38% 14 50.02% 10 | 43.46% 10 43.46% 14 50.91% 12 | 10
Single+ 80.39% 13  80.39% 8 | 47.13% 8 47.13% 12 53.76% 3 | 47.16% 9 47.16% 13 56.02% 8 8
Multi+gopmm | 84.11% 65 84.11% 35 | 51.24% 45 51.24% 95 53.93% 15| 55.72% 65 55.72% 7.5 57.62% 55 | 55
Multi+gopmy | 84.11% 65 84.11% 35 [ 51.24% 45 51.24% 95 53.93% 15| 55.72% 65 55.72% 7.5 57.62% 55 [ 55
Multi+gopym | 18.53% 195  0.17% 165| 18.14% 155 99.41% 15 30.37% 155| 18.12% 155 99.46% 15  30.65% 155 155
Multi+goppm | 18.53% 195  0.17% 165| 18.14% 155 99.41% 15 30.37% 155| 18.12% 155 99.46% 15  30.65% 155 155
Multi+ 76.84% 155  76.84% 105| 44.19% 115 44.19% 155 52.46% 65 | 42.04% 115 42.04% 155 53.55% 10.5| 135
Multi+ 5 76.84% 155 76.84% 10.5| 44.19% 115 44.19% 155 52.46% 65 | 42.04% 115 42.04% 155 53.55% 105| 135
Multi+ 7, 19.52% 175 0.17% 165 18.33% 135 99.08% 35 30.60% 135 18.26% 135 99.08% 35 30.83% 135| 115
Multi+ 19.52% 175  0.17% 165 18.33% 135 99.08% 35 30.60% 135 18.26% 135 99.08% 35 30.83% 135| 115
Singlex g, 86.55% 2 86.55% 2 | 51.94% 3 51.94% 8 52.13% 8 | 65.90% 2  65.90% 6 58.92% 1 1
Single+ 86.72% 1  86.72% 1 | 50.71% 6 50.71% 11 50.67% 9 | 67.47% 1 67.47% 5 58.37% 4 2
Multi 545, mm n/a n/a n/a n/a n/a n/a n/a n/a
Multi*gopmy | 85.49% 5  40.22% 14 | 48.86% 7 52.26% 7  49.36% 11 | 62.03% 5 51.19% 12 56.09% 7 7
Multi* gop pim | 81.90% 105 0.00% 195 0.00% 185  0.00% 185  0.00% 185| 0.00% 185  0.00% 185  0.00% 185| 195
Multi goppm | 81.90% 105  81.90% 65 | 0.00% 185  0.00% 185  0.00% 185| 0.00% 185  0.00% 185  0.00% 185 175
Multi+ ., 86.54% 35 46.07% 125 53.41% 15 54.47% 55 53.11% 45| 65.87% 35 53.19% 95 58.86% 25 | 35
Multi+ 86.54% 35 46.07% 125 53.41% 15 54.47% 55 53.11% 45| 65.87% 35 53.19% 95 58.86% 25 | 35
Multiz 81.90% 105  0.00% 195| 0.00% 185  0.00% 185  0.00% 185| 0.00% 185  0.00% 185  0.00% 185| 195
Multi+ 81.90% 105 81.90% 65| 0.00% 185  0.00% 185  0.00% 185| 0.00% 185  0.00% 185  0.00% 185| 175
Hamming Accuracy
BR 78.47% 15 20.65% 15 | 20.65% 15 51.38% 11 39.33% 11 | 42.13% 15 50.65% 11 46.00% 12 [ 20
Single+ g, 66.92% 21 18.90% 16 | 18.90% 16 71.66% 6  45.46% 10 | 31.81% 21 72.36% 6 44.19% 13 | 21
Single+ 70.57% 16  14.13% 17 | 14.13% 17 73.41% 5 47.29% 5 | 34.93% 16 72.52% 5 47.15% 5 7
Multi+gopmm | 81.56% 125 34.36% 25 | 34.36% 45 56.06% 85 49.62% 25 | 49.18% 125 55.35% 85 52.08% 25 | 25
Multi+gopmy | 81.56% 125  34.36% 25 | 34.36% 45 56.06% 85 49.62% 25 | 49.18% 125 55.35% 85 52.08% 25 | 25
Multi+gopym | 81.56% 125  34.36% 25 | 34.36% 45 56.06% 85 49.62% 25 | 49.18% 125 55.35% 85 52.08% 25 | 25
Multi+goppm | 81.56% 125 34.36% 25 [ 34.36% 45 56.06% 85 49.62% 25 | 49.18% 125 55.35% 85 52.08% 25 | 25
Multi+ 69.50% 185  8.78% 195| 8.78% 195 74.50% 25 46.54% 7.5 | 34.24% 185 74.44% 25 46.91% 7.5 [ 95
Multi-+ 5 69.50% 185  8.78% 195| 8.78% 195 74.50% 25 46.54% 7.5 | 34.24% 185 74.44% 25 46.91% 75| 95
Multi+ 69.50% 185  8.78% 195| 8.78% 195 74.50% 25 46.54% 7.5 | 34.24% 185 74.44% 25 46.91% 75| 95
Multi+ 69.50% 185  8.78% 195 8.78% 195 74.50% 25 46.54% 7.5 | 34.24% 185 74.44% 25 46.91% 7.5 [ 95
Singlex g, 85.40% 1.5 28.18% 55 | 34.56% 15 35.20% 125 34.14% 125| 69.10% 1.5 34.95% 125 46.42% 10.5| 55
Single+ 85.40% 15 28.18% 55 | 34.56% 15 35.20% 125 34.14% 125| 69.10% 1.5 34.95% 125 46.42% 10.5| 55
Multi* op mm | 84.70% 65 24.58% 10.5| 24.58% 105 30.89% 175 29.82% 175| 66.95% 65 30.56% 175 41.97% 17.5| 155
Multiop my | 84.70% 65  24.58% 105| 24.58% 105 30.89% 175 29.82% 175 | 66.95% 65 30.56% 175 41.97% 17.5| 155
Multi gop pm | 84.70% 65  24.58% 105| 24.58% 105 30.89% 175 29.82% 175| 66.95% 65 30.56% 175 41.97% 17.5| 155
Multi* g op v | 84.70% 65  24.58% 105 24.58% 105 30.89% 175 29.82% 175| 66.95% 65 30.56% 175 41.97% 175| 155
Multi+ 84.70% 65 24.58% 105 24.58% 105 30.89% 17.5 29.82% 17.5| 66.95% 65 30.56% 175 41.97% 17.5| 155
Multi 84.70% 65 24.58% 105| 24.58% 105 30.89% 175 29.82% 17.5| 66.95% 65 30.56% 175 41.97% 17.5| 155
Multiz 84.70% 65 24.58% 105 | 24.58% 105 30.89% 17.5 29.82% 17.5| 66.95% 65 30.56% 175 41.97% 175 155
Multiz 84.70% 65  24.58% 105| 24.58% 105 30.89% 175  29.82% 17.5| 66.95% 65  30.56% 175 41.97% 17.5| 155
Precision
BR 78.09% 13  78.09% 9 | 35.56% 10 51.63% 14 39.63% 10 | 41.34% 9 41.34% 9 45.34% 7 9
Single+ g, 77.63% 14 77.63% 10 | 40.06% 9  47.70% 15 41.98% 7 | 40.01% 10 40.01% 10 43.31% 10 [ 10
Single+ 51.90% 15 51.90% 11 | 25.44% 13 79.35% 5 36.14% 13 | 24.36% 11 24.36% 11 37.21% 11 | 11
Multi+gop mm | 78.58% 115 78.58% 7.5 [ 40.41% 7.5 46.24% 165 41.78% 85 | 41.64% 75 41.64% 75 43.55% 85 [ 75
Multi+ gop my | 78.58% 115 78.58% 7.5 | 40.41% 7.5 46.24% 165 41.78% 85 | 41.64% 75 41.64% 7.5 43.55% 85 | 7.5
Multi+ goppim | 18.53% 205  18.53% 205 18.14% 165 99.41% 15 30.37% 165| 18.12% 165 18.12% 165 30.65% 165| 165
Multi+goppm | 18.53% 205  18.53% 20.5| 18.14% 165 99.41% 15 30.37% 165| 18.12% 165 18.12% 165 30.65% 165 165
Multi+ 51.38% 165 51.38% 125| 25.89% 115 78.22% 65 36.24% 115| 23.95% 125 23.95% 125 36.60% 12.5| 125
Multi+ 51.38% 165 51.38% 125 25.89% 115 78.22% 65 36.24% 115| 23.95% 125 23.95% 125 36.60% 125| 125
Multi+ 7, 19.52% 185 19.52% 185 18.33% 145 99.08% 35 30.60% 145 18.26% 145 18.26% 145 30.83% 145| 145
Multi+ 19.52% 185 19.52% 185 18.33% 145 99.08% 35 30.60% 145 18.26% 145 18.26% 145 30.83% 145| 145
Singlex g, 85.56% 6 85.56% 2 | 51.73% 6 53.97% 11 51.74% 6 | 61.81% 6 61.81% 2 57.05% 6 4
Single+ 85.76% 5 85.76% 1 | 52.31% 5 54.77% 10 52.37% 3 | 62.42% 5 62.42% 1 57.66% 5 3
Multix gop mm | 86.40% 2 47.32% 145| 54.58% 15 55.73% 85 54.28% 15| 64.75% 15 54.58% 3  59.23% 15| 15
Multix o, my | 86.64% 1 47.32% 145 54.58% 15 55.73% 85 54.28% 15| 64.75% 15 54.58% 4 59.23% 15| 15
Multi gop v | 81.90% 85  81.90% 45 | 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195 195
Multixgoppm | 81.90% 85 81.90% 45 | 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 195 195
Multi+ 86.13% 3.5 45.57% 165 52.95% 35 53.34% 125 52.32% 45 | 64.45% 35 52.19% 55 57.68% 3.5 [ 55
Multi 86.13% 3.5 45.57% 165 52.95% 35 53.34% 125 52.32% 45 | 64.45% 35 52.19% 55 57.68% 35 | 55
Multi 7, 81.90% 85 81.90% 45| 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 19.5| 195
Multiz 81.90% 85 81.90% 45| 0.00% 195  0.00% 195  0.00% 195| 0.00% 195  0.00% 195  0.00% 19.5| 195
Subset Accuracy
Multi+gopym | 81.76% 3  34.95% 1 | 47.09% 1 55.73% 2 49.34% 1 | 49.65% 3 54.73% 2 52.07% 1 1
Multi+ 69.16% 4 8.95% 4 | 36.14% 2 74.46% 1 46.37% 2 | 33.95% 4 74.44% 1  46.64% 2 2
Multi gop vm | 84.77% 15 24.75% 25 | 30.22% 35 30.98% 35 29.90% 35 | 67.40% 15 30.72% 35 42.20% 35 | 35
Multi* 84.77% 15 24.75% 25| 30.22% 35 30.98% 35 29.90% 35| 67.40% 15 30.72% 35 42.20% 35| 35

Table 16: Predictive performance of different multi-label classification approaches on the data set Scene
using the rule-dependent evaluation strategy. Some approaches did not finish in time. The
missing values are indicated by using the label “n/a".
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poprosch | Famm  Sew | Brwed Bojeed Egmel | oM @ owm |
F-Measure
Mulﬁ+sto;:,mm 4.78% 8 0.00% 4.5 2.86% 8 99.84% 1 5.53% 8 2.81% 8 99.88% 1 5.47% 8 8
M“hj"'smp,mM 28.78% 5 0.00% 45 3.71% 5 97.91% 4 7.11% 5 3.64% 5 97.50% 4 7.02% 5 5
Multi+ gopim | 25.02% 6  0.00% 45| 3.49% 6 98.76% 2  6.71% 6 | 3.50% 6 98.50% 2  6.75% 6 | 6
Multi+goppm | 25.00% 7 0.00% 45| 3.48% 7 9853% 3  6.69% 7 | 3.48% 7 98.13% 3  6.73% 7 | 7
Multi+ 64.78% 2 0.00% 4.5 8.76% 2 90.70% 8 14.82% 2 6.57% 2 89.13% 8 12.24% 2 3
Multi+ ;5 69.86% 1 0.00% 45 9.91% 1 91.63% 7 16.83% 1 7.75% 1 91.13% 7 14.29% 1 1
Multi+ 58.08% 3 0.00% 4.5 5.81% 3 93.62% S 10.87% 3 5.81% 3 93.50% 5 10.95% 3 2
Multi+ yp, 58.00% 4 0.00% 4.5 5.75% 4 93.07% 6 10.76% 4 5.76% 4 92.63% 6 10.84% 4 4
Multi* ;0 m n/a n/a n/a n/a n/a n/a n/a n/a
Multi* g0 mm n/a n/a n/a n/a n/a n/a n/a n/a
Multiz g, 1 n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ o, 4 n/a n/a n/a n/a n/a n/a n/a n/a
Multi* n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ 7, n/a n/a n/a n/a n/a n/a n/a n/a
Hamming Accuracy
Mmﬁ"’stcp,mm 96.39% 65 12.56% 65 | 46.06% 65 82.12% 65 56.69% 65| 41.99% 65 81.63% 65 55.46% 65 | 65
MUIﬁ"‘stap,mM 96.39% 6.5 12.56% 6.5 | 46.06% 65 82.12% 65 56.69% 65  41.99% 65 81.63% 65 55.46% 6.5 6.5
M‘-Ilti"'swp,Mm 96.39% 65 12.56% 65 | 46.06% 65 82.12% 65 56.69% 65| 41.99% 65 81.63% 65 55.46% 65 | 65
MUIﬁ+smp,MM 96.39% 6.5 12.56% 65 | 46.06% 65 82.12% 65 56.69% 65 | 41.99% 65 81.63% 65 55.46% 6.5 6.5
Multi+ 97.01% 25 25.58% 25| 53.96% 25 88.24% 25 63.28% 25| 47.68% 25 87.50% 25 61.73% 2.5 2.5
Multi+ ;5 97.01% 25 25.58% 25| 53.96% 25 88.24% 25 63.28% 25| 47.68% 25 87.50% 25 61.73% 2.5 2.5
Multi+ pzp, 97.01% 25 25.58% 2.5 | 53.96% 25 88.24% 25 63.28% 25| 47.68% 25 87.50% 25 61.73% 25 25
Multi+ g 97.01% 25 25.58% 25| 53.96% 2.5 88.24% 25 63.28% 25| 47.68% 25 87.50% 25 61.73% 2.5 2.5
Multi ), n/a n/a n/a n/a n/a n/a n/a n/a
MUIﬁtstop,mM n/a n/a n/a n/a n/a n/a n/a n/a
Multi* o, yim n/a n/a n/a n/a n/a n/a n/a n/a
Multi* g, 4y n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multiz n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Precision
MUlti+ ;. m | 96.90% 15  26.36% 15 | 38.06% 15 36.51% 75 36.07% 15| 42.33% 15 34.50% 75 38.02% 15| 15
Multi+ gpmy | 96.90% 15 26.36% 15 | 38.06% 15 36.51% 7.5 36.07% 15| 42.33% L5 34.50% 7.5 38.02% 15| 15
Multi+goppm | 25.00% 75  0.00% 65| 3.48% 75 98.53% 15  6.69% 75| 3.48% 8 98.13% 15  6.73% 75 | 75
Multi+ o amr | 25.00% 75  0.00% 65| 3.48% 75 98.53% 15  6.69% 7.5 | 3.48% & 98.13% 15  6.73% 75| 75
Multi+ 94.20% 35  9.15% 35 | 28.51% 35 60.65% 55 35.29% 3.5 [ 25.94% 35 59.50% 55 36.13% 35| 35
Multi+ 94.20% 35  9.15% 35 | 28.51% 35 60.65% 55 35.20% 35 | 25.94% 35 59.50% 55 36.13% 35| 35
Multi+ pzp, 58.00% 5.5 0.00% 6.5 5.75% 55 93.07% 35 10.76% 5.5 5.76% 8 92.63% 35 10.84% 55 6
Multi+ ppr 58.00% 5.5 0.00% 6.5 5.75% 55 93.07% 35 10.76% 5.5 5.76% 5 92.63% 35 10.84% 55 5
Multi+ 515, n/a n/a n/a n/a n/a n/a n/a n/a
Multiz g0, s n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ 5 ym n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ o, 4 n/a n/a n/a n/a n/a n/a n/a n/a
Multi* n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Subset Accuracy
Multi+ o, yim - R R B - R - -
Multi+ 7, - - - - - - - -
Multi* 0, ym - - - - - - - -
Multi+ - - - - - - - -

Table 17: Predictive performance of different multi-label classification approaches on the data set
MEeDicAL using the rule-independent evaluation strategy. Some approaches did not finish in
time. The missing values are indicated by using the label “n/a".
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approach | Hamm. Subset | Exbased  Exhased  Bubased | ML i W |As
F-Measure
Multi+ top mm | 34.90% 11 0.00% 11.5| 33.61% 3 99.34% 6 49.10% 3 | 33.53% 7 99.50% 6 50.16% 3 3
Multi+ grop my | 32.92% 14 0.00% 11.5| 32.92% 6 100.00% 3  48.48% 6 | 32.92% 10 100.00% 3  49.53% 6 8
Multi+ g0 pm | 32.92% 14 0.00% 115 32.92% 6 100.00% 3  48.48% 6 | 32.92% 10 100.00% 3  49.53% 6 8
Multi+ g0 amr | 32.92% 14 0.00% 115 32.92% 6 100.00% 3  48.48% 6 | 32.92% 10 100.00% 3  49.53% 6 8
Multi+ 52.97% 10 1.49% 55 | 41.43% 2 91.34% 8 55.21% 2 | 40.55% 6 91.98% 8 56.29% 2 2
Multi+ ;5 54.37% 9 1.49% 55| 42.82% 1 92.00% 7 56.40% 1 41.37% 5 92.48% 7 57.16% 1 1
Multi+ py, 32.92% 14 0.00% 11.5| 32.92% 6 100.00% 3  48.48% 6 | 32.92% 10 100.00% 3  49.53% 6 8
Multi+ 32.92% 14 0.00% 11.5| 32.92% 6 100.00% 3  48.48% 6 | 32.92% 10 100.00% 3  49.53% 6 8
Multi* g0 mm | 72.03% 1.5 8.42% 15 [ 13.86% 9.5 17.33% 95 15.10% 95| 77.78% 35 21.05% 95 33.14% 95| 45
Multi o mpr | 70.71% 35 5.45% 35 9.08% 11.5 10.89% 11.5 9.80% 11.5| 83.33% 1.5 13.78% 115  23.66% 115 11.5
Multi+ g0, pm | 67.08% 65 0.00% 11.5 0.00% 145 0.00% 14.5 0.00% 145 0.00% 145 0.00% 14.5 0.00% 14.5( 145
Multi* o0 | 67.08% 65 0.00% 115 0.00% 14.5 0.00% 14.5 0.00% 14.5 0.00% 145 0.00% 14.5 0.00% 145 145
Multi* 72.03% 1.5 8.42% 1.5 13.86% 95 17.33% 95 15.10% 95| 77.78% 3.5 21.05% 95 33.14% 95 4.5
Multiz 70.71% 3.5 5.45% 35 9.08% 11.5 10.89% 11.5 9.80% 11.5| 83.33% 1.5 13.78% 115  23.66% 115 11.5
Multiz 67.08% 6.5 0.00% 11.5 0.00% 145 0.00% 14.5 0.00% 145 0.00% 145 0.00% 14.5 0.00% 14.5( 145
Multi 67.08% 65 0.00% 11.5 0.00% 145 0.00% 14.5 0.00% 145 0.00% 145 0.00% 14.5 0.00% 14.5| 145
Hamming Accuracy
Multi+ top mm | 44.97% 145 0.99% 125 37.54% 14.5 91.91% 65 51.17% 14.5| 36.63% 145 91.98% 6.5 52.39% 145 145
Multi+ o my | 44.97% 145 0.99% 12.5| 37.54% 14.5 91.91% 65 51.17% 145 36.63% 14.5 91.98% 65 52.39% 14.5| 145
Multi+ g0 ym | 44.97% 145 0.99% 125 37.54% 14.5 91.91% 65 51.17% 14.5| 36.63% 145 91.98% 65 52.39% 14.5| 145
Multi+gopam | 44.97% 145 0.99% 125 37.54% 145  91.91% 65 51.17% 145| 36.63% 145  91.98% 65 52.39% 145 14.5
Multi+ ,p, 56.19% 105  0.99% 12.5| 43.00% 105  92.00% 25 56.98% 25| 42.45% 105  92.98% 25 58.29% 25| 25
Multi+ ;5 56.19% 105 0.99% 12.5| 43.00% 10.5 92.00% 25 56.98% 25 42.45% 105 92.98% 25 58.29% 25| 25
Multi+ 56.19% 10.5 0.99% 12.5| 43.00% 10.5 92.00% 25 56.98% 2.5 | 42.45% 105 92.98% 25 58.29% 25| 25
Multi+ypy 56.19% 10.5 0.99% 12.5| 43.00% 10.5 92.00% 25 56.98% 25 | 42.45% 105 92.98% 25 58.29% 25| 25
Multi* gop mm | 75.58% 45 24.75% 45 | 58.42% 45 53.30% 125 52.57% 85 | 66.78% 4.5 51.38% 125 58.07% 85 85
Multi o s | 75.58% 45  24.75% 45 | 58.42% 45  53.30% 125 52.57% 85 | 66.78% 45  51.38% 125 58.07% 85 | 85
Multi g pm | 75.58% 45  24.75% 45 | 58.42% 4.5 53.30% 125 52.57% 85| 66.78% 4.5 51.38% 125 58.07% 85| 85
Multi* o ams | 75.58% 45  24.75% 45 | 58.42% 45 53.30% 125 52.57% 85 | 66.78% 45 51.38% 125 58.07% 85 | 85
Multi+ 75.58% 45 24.75% 45 | 58.42% 45 53.30% 125 52.57% 85 | 66.78% 4.5 51.38% 125 58.07% 85 | 85
Multi+ 75.58% 4.5 24.75% 45 | 58.42% 45 53.30% 125 52.57% 85 | 66.78% 4.5 51.38% 125 58.07% 85 | 85
Multiz 75.58% 45 24.75% 45 | 58.42% 4.5 53.30% 125 52.57% 85| 66.78% 4.5 51.38% 125 58.07% 85| 85
Multi 35, 75.58% 45 24.75% 45| 58.42% 4.5 53.30% 125 52.57% 85 | 66.78% 4.5 51.38% 125 58.07% 8.5 8.5
Precision
Multi+ grop mm | 68.89% 55 20.79% 15 | 49.65% 55 48.43% 115 46.80% 115 52.99% 5.5 48.87% 115 50.85% 7.5 | 7.5
Multi+gopmm | 68.89% 55 20.79% 15 | 49.65% 55 48.43% 115  46.80% 11.5| 52.99% 55 48.87% 115  50.85% 7.5 | 75
Multi+gop ym | 32.92% 145 0.00% 12.5| 32.92% 105 100.00% 2.5 48.48% 85 | 32.92% 105 100.00% 25 49.53% 10.5| 105
Multi+gopams | 32.92% 145 0.00% 12.5| 32.92% 105 100.00% 2.5 48.48% 85 | 32.92% 105 100.00% 25 49.53% 10.5| 105
Multi+ 47.28% 11.5 4.46% 7.5 | 38.77% 7.5 88.53% 55 50.89% 15| 37.26% 7.5 87.97% 55 52.35% 15| 55
Multi+ ;5 47.28% 11.5 4.46% 7.5 | 38.77% 7.5 88.53% 55 50.89% 15| 37.26% 7.5 87.97% 55 52.35% 15| 55
Multi+ 32.92% 14.5 0.00% 12.5| 32.92% 105 100.00% 2.5 48.48% 85 | 32.92% 105 100.00% 25 49.53% 10.5| 105
Multi+ppy 32.92% 145 0.00% 12.5| 32.92% 105 100.00% 2.5 48.48% 85 | 32.92% 105 100.00% 25 49.53% 10.5| 105
Multi* g, mm | 69.88% 25 16.83% 45 | 51.07% 25 51.90% 85 49.11% 45| 54.67% 25 49.87% 85 52.16% 45| 25
Multi* gop my | 69.88% 25 16.83% 45 | 51.07% 25 51.90% 85 49.11% 45| 54.67% 25 49.87% 85 52.16% 45| 25
Multi+ g0, yim | 67.08% 85 0.00% 12.5 0.00% 145 0.00% 14.5 0.00% 145 0.00% 145 0.00% 14.5 0.00% 145 145
Multi g, pm | 67.08% 85 0.00% 12.5 0.00% 145 0.00% 14.5 0.00% 145 0.00% 145 0.00% 14.5 0.00% 145 145
Multi+ ., 69.88% 25 16.83% 45| 51.07% 25 51.90% 85 49.11% 45 | 54.67% 25 49.87% 85 52.16% 45| 25
Multi 69.88% 25 16.83% 45 | 51.07% 25 51.90% 85 49.11% 45| 54.67% 25 49.87% 85 52.16% 45| 25
Multi+ 7, 67.08% 85 0.00% 12.5 0.00% 145 0.00% 14.5 0.00% 145 0.00% 145 0.00% 14.5 0.00% 145 145
Multiz 67.08% 85 0.00% 12.5 0.00% 145 0.00% 14.5 0.00% 145 0.00% 145 0.00% 14.5 0.00% 145 145
Subset Accuracy
Multi+ g0, pim - - - - - - - -
Multi+ 7, - - - - - - - -
Multi g, a1 - - - - . - - -
Multi+ ;. - - - - . - - R

Table 18: Predictive performance of different multi-label classification approaches on
EmoTIONS using the rule-independent evaluation strategy.

the data set
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Approach | Mamm.  Subset | Exbased Exhased Exbaed | M M W lay
F-Measure
Multi+smp,mm 77.86% 3 31.66% 35| 41.25% 3 97.57% 4 45.95% 3 16.12% 3 92.65% 7 27.47% 3 3.5
MUIti+stop,mM 59.30% 4 31.66% 3.5 | 36.58% 4 98.53% 3 40.26% 4 9.71% 4 95.51% 3 17.63% 4 3.5
Mlllti"'smp,Mm 22.93% 7.5 0.00% 6.5 5.50% 7.5 99.16% 1.5 10.28% 7.5 5.50% 75 98.37% 15 10.43% 7.5 7.5
MUIti+stop,1I41ll 22.93% 7.5 0.00% 6.5 5.50% 7.5 99.16% 1.5 10.28% 7.5 5.50% 75 98.37% 15 10.43% 7.5 7.5
Multi+ 98.38% 15 74.87% 15 89.36% 15 97.11% 75 90.32% 15 76.69% 15 92.65% 7 83.92% 15 1.5
Multi+ 5 98.38% 15 74.87% 15 89.36% 15 97.11% 75 90.32% 15 76.69% 15 92.65% 7 83.92% 15 15
Multi+ 52.08% 5.5 0.00% 6.5 8.18% 55 97.19% 5.5 14.86% 5.5 8.18% 55 93.06% 45 15.04% 55 5.5
Multi+ 52.08% 5.5 0.00% 6.5 8.18% 55 97.19% 5.5 14.86% 5.5 8.18% 55 93.06% 45 15.04% 5.5 5.5
Multi* g5, 1 n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ o, n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ 5 yim n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ 0, pny n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ ., n/a n/a n/a n/a n/a n/a n/a n/a
Multiz n/a n/a n/a n/a n/a n/a n/a n/a
Hamming Accuracy
Multi+stop,mm 85.32% 6.5 39.70% 65 | 50.76% 65 99.16% 25 57.68% 65 23.49% 65 98.37% 25 37.92% 65| 65
MUIti+stap,mM 85.32% 65 39.70% 65 | 50.76% 65 99.16% 25 57.68% 65 23.49% 65 98.37% 25 37.92% 6.5 6.5
MUIti+stop,Mm 85.32% 65 39.70% 65 | 50.76% 6.5 99.16% 25 57.68% 65 23.49% 65 98.37% 25 37.92% 6.5 6.5
MUIti+stop,1|/11l/1 85.32% 65 39.70% 65 | 50.76% 6.5 99.16% 25 57.68% 65 23.49% 65 98.37% 25 37.92% 6.5 6.5
Multi+ .,y 98.90% 25 77.39% 25| 87.77% 25 92.84% 65 88.54% 25| 87.20% 25 88.98% 65 88.08% 25| 25
Multi+ 98.90% 25 77.39% 25| 87.77% 25 92.84% 65 88.54% 2.5 87.20% 25 88.98% 65 88.08% 2.5 2.5
Multi+ pzm, 98.90% 25 77.39% 25| 87.77% 25 92.84% 65 88.54% 2.5 87.20% 25 88.98% 65 88.08% 25| 25
Multi+ 98.90% 25 77.39% 25| 87.77% 25 92.84% 65 88.54% 2.5 87.20% 25 88.98% 65 88.08% 2.5 2.5
Multi* 5 m n/a n/a n/a n/a n/a n/a n/a n/a
Multiz g5 my n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ g, ym n/a n/a n/a n/a n/a n/a n/a n/a
Multi g, Ay n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Precision
Multi+ o mm | 98.31% 15 73.87% 15| 75.38% 15 74.54% 75 74.79% 15 98.73% 15 63.67% 7.5 77.42% 15| 15
Multi+gop my | 98.31% 15  73.87% 15 | 75.38% 15 74.54% 7.5 74.79% 15| 98.73% 15 63.67% 7.5 77.42% 15| 15
MUIti+stop,Mm 22.93% 7.5 0.00% 6.5 5.50% 7.5 99.16% 1.5 10.28% 7.5 5.50% 75 98.37% 15 10.43% 7.5 7.5
Multi+goppm | 22.93% 75  0.00% 65 5.50% 7.5 99.16% 15 10.28% 75 5.50% 7.5 98.37% 15 10.43% 7.5 | 7.5
Multi+ 98.25% 35 71.86% 35 | 74.62% 35 75.04% 55 74.44% 35 95.76% 3.5 64.49% 55 77.07% 35| 35
Multi+ 98.25% 35 71.86% 35 | 74.62% 35 75.04% 55 74.44% 35| 95.76% 35 64.49% 55 77.07% 35| 35
Multi+ g, 52.08% 5.5 0.00% 6.5 8.18% 55 97.19% 3.5 14.86% 5.5 8.18% 55 93.06% 35 15.04% 5.5 5.5
Multi+ ypp 52.08% 5.5 0.00% 6.5 8.18% 55 97.19% 3.5 14.86% 5.5 8.18% 55 93.06% 35 15.04% 5.5 5.5
Multi* 0 rm n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ o, n/a n/a n/a n/a n/a n/a n/a n/a
Multi* g, m n/a n/a n/a n/a n/a n/a n/a n/a
Multi g/, py n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multiz n/a n/a n/a n/a n/a n/a n/a n/a
Subset Accuracy
Multi+ g0, yim - - - - - - - -
Multi+ - - - - - - - -
Multi* g, m - - - - - - - -
Multi+ .., - - - - - - - -

Table 19: Predictive performance of different multi-label classification approaches on the data set
GENBASE using the rule-independent evaluation strategy. Some approaches did not finish in
time. The missing values are indicated by using the label “n/a".
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Approach | Mamm Sibset | Bobwed  Exhied  Bobaed | MG WA
F-Measure
Multi+ gop, mm | 22.83% 5 0.00% 45| 5.99% 6 52.09% 3 10.38% 6 6.08% 3 97.76% 3 11.44% 3 | 35
Multi+smp,mM 13.65% 6 0.00% 4.5 7.03% 3 49.05% 5 10.96% 5 4.97% 8 87.86% 6 9.40% 8 8
Multi+ geoppm | 5.10% 7.5  0.00% 45| 5.10% 7.5 53.25% 15  9.13% 75 | 5.10% 65 100.00% 15  9.71% 65| 65
MUIti+smp,1I41ll 5.10% 7.5 0.00% 4.5 5.10% 7.5 53.25% 1.5 9.13% 75 5.10% 6.5 100.00% 1.5 9.71% 65 6.5
Multi+ 31.22% 3 0.00% 4.5 7.25% 2 45.85% 7 11.64% 3 5.83% 5 82.43% 8 10.89% 5 5
Multi+ 31.12% 4 0.00% 45 7.42% 1 45.60% 8 11.89% 1 5.98% 4 84.98% 7 11.18% 4 3.5
Multi+ 31.61% 2 0.00% 45 6.48% 5 49.07% 4 11.16% 4 6.49% 2 93.29% 4 12.13% 2 2
Multi+ 36.14% 1 0.00% 4.5 6.83% 4 48.27% 6 11.66% 2 6.85% 1 91.37% 5 12.74% 1 1
Multi* 5 m n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ o, n/a n/a n/a n/a n/a n/a n/a n/a
Multi g1, pm n/a n/a n/a n/a n/a n/a n/a n/a
Multi g, pmy n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multiz n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Hamming Accuracy
Multi+ grop mm | 64.62% 25 10.22% 25 | 16.72% 25 47.50% 25 19.73% 25 | 10.33% 25  77.32% 45 18.23% 25| 25
Multi+ g myr | 64.62% 25  10.22% 25 | 16.72% 25 47.50% 25 19.73% 25 | 10.33% 25  77.32% 45 18.23% 25 | 25
Multi+ gopvim | 64.62% 25  10.22% 25 | 16.72% 25 47.50% 25 19.73% 25 | 10.33% 25  77.32% 45 18.23% 25 | 25
Multi+ o | 64.62% 25  10.22% 25 | 16.72% 25 47.50% 25 19.73% 25 | 10.33% 25  77.32% 45 18.23% 25 | 25
Multi+ 63.92% 6.5 1.24% 65 6.56% 65 38.44% 65 10.07% 65 | 10.15% 6.5 77.32% 45 17.94% 65| 65
Multi+ 63.92% 65  1.24% 65| 6.56% 65 38.44% 65 10.07% 65 | 10.15% 65  77.32% 45 17.94% 65| 65
Multi+ p, 63.92% 65  1.24% 65| 6.56% 65 38.44% 65 10.07% 65 | 10.15% 65  77.32% 45 17.94% 65| 65
Multi+ 63.92% 6.5 1.24% 6.5 6.56% 6.5 38.44% 6.5 10.07% 6.5 10.15% 6.5 77.32% 45 17.94% 65 6.5
Multi g5, 1 n/a n/a n/a n/a n/a n/a n/a n/a
Multi o s n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ g0 i n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ g0 py n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi 5, n/a n/a n/a n/a n/a n/a n/a n/a
Multi* n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Precision
M“lti"'smp,mm 90.34% 15 4.33% 15| 15.27% 15 14.78% 7.5 13.68% 1.5 17.44% 15 23.96% 7.5 20.19% 15 15
MUIti+stop,mM 90.34% 15 4.33% 15| 15.27% 15 14.78% 7.5 13.68% 1.5 17.44% 15 23.96% 75 20.19% 15 15
MUIti+stop,Mm 5.10% 7.5 0.00% 6.5 5.10% 7.5 53.25% 1.5 9.13% 75 5.10% 7.5 100.00% 1.5 9.71% 7.5 7.5
Multi+ g pms 5.10% 75  0.00% 65| 5.10% 7.5 53.25% 15  9.13% 75| 5.10% 75 100.00% 15  9.71% 7.5 | 7.5
Multi+ 70.46% 3.5 2.48% 35| 10.93% 35 26.60% 5.5 13.41% 3.5 7.96% 3.5 45.37% 55 13.54% 3.5 3.5
Multi+ 70.46% 35 2.48% 35| 10.93% 35 26.60% 5.5 13.41% 35 7.96% 3.5 45.37% 55 13.54% 3.5 3.5
Multi+ pzp, 36.14% 55 0.00% 6.5 6.83% 55 48.27% 3.5 11.66% 5.5 6.85% 55 91.37% 35 12.74% 55 5.5
Multi+ 36.14% 5.5 0.00% 6.5 6.83% 55 48.27% 3.5 11.66% 5.5 6.85% 55 91.37% 35 12.74% 55 5.5
Multi g, n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ o, n/a n/a n/a n/a n/a n/a n/a n/a
Multi* g, m n/a n/a n/a n/a n/a n/a n/a n/a
Multi g/, py n/a n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi* z, n/a n/a n/a n/a n/a n/a n/a n/a
Multiz n/a n/a n/a n/a n/a n/a n/a n/a
Subset Accuracy
Multi+ g0, yim - - - - - - - -
Multi+ - - - - - - - -
Multi* g, m - - - - - - - -
Multi+ .., - - - - - - - -

Table 20: Predictive performance of different multi-label classification approaches on the data set BIrDS
using the rule-independent evaluation strategy. Some approaches did not finish in time. The
missing values are indicated by using the label “n/a”.
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Approach | Mamm. Sybset | Bbased  Exbused  Brpmsed | M . W |as
F-Measure
MUIti"'stop,mm 19.59% 11 0.00% 95| 18.43% 3 99.83% 55 30.84% 3 18.35% 3 99.77% 6 31.00% 3 3
M“hi"'smp,mM 19.37% 12 0.00% 95 | 18.40% 4 99.83% 55 30.79% 4 18.32% 4 99.85% 5 30.95% 4 4
MUIti+stop,Mm 18.10% 14.5 0.00% 95| 18.10% 65 100.00% 25 30.42% 65| 18.10% 65 100.00% 25 30.65% 65 6.5
MUIti+st0p,MM 18.10% 14.5 0.00% 95| 18.10% 65 100.00% 2.5 30.42% 65| 18.10% 65 100.00% 25 30.65% 65 6.5
Multi+ p,y,, 62.70% 9 6.19% 2 34.60% 2 84.78% 8 46.30% 2 30.59% 2 83.60% 8 44.79% 2 2
Multi+ ;5 62.28% 10 6.61% 1 34.64% 1 87.00% 7 47.13% 1 30.72% 1 86.37% 7 45.32% 1 1
Multi+ g, 18.10% 14.5 0.00% 95| 18.10% 65 100.00% 25 30.42% 6.5 | 18.10% 65 100.00% 25 30.65% 6.5 6.5
Multi+ 18.10% 14.5 0.00% 95 | 18.10% 65 100.00% 25 30.42% 6.5 | 18.10% 65 100.00% 25 30.65% 6.5 6.5
Multi o, mm | 81.90% 45  0.00% 95| 0.00% 125 0.00% 125  0.00% 125 0.00% 125 0.00% 125  0.00% 12.5| 125
MUIti:stop,mM 81.90% 4.5 0.00% 9-5 0.00% 12.5 0.00% 12.5 0.00% 125 0.00% 12.5 0.00% 125 0.00% 12.5 | 125
Multitstop,Mm 81.90% 4.5 0.00% 95 0.00% 12.5 0.00% 125 0.00% 125 0.00% 12.5 0.00% 125 0.00% 125 | 125
M“hiismp,MM 81.90% 4.5 0.00% 95 0.00% 12.5 0.00% 125 0.00% 125 0.00% 12.5 0.00% 12.5 0.00% 12.5| 125
Multi+ ., 81.90% 4.5 0.00% 95 0.00% 12.5 0.00% 12.5 0.00% 125 0.00% 12.5 0.00% 125 0.00% 12.5| 125
Multiz 81.90% 4.5 0.00% 9-5 0.00% 12.5 0.00% 12.5 0.00% 12.5 0.00% 12.5 0.00% 125 0.00% 125 125
Multiz 81.90% 4.5 0.00% 95 0.00% 12.5 0.00% 125 0.00% 125 0.00% 12.5 0.00% 125 0.00% 12.5| 125
Multi ypy 81.90% 4.5 0.00% 95 0.00% 12.5 0.00% 125 0.00% 125 0.00% 12.5 0.00% 125 0.00% 125| 125
Hamming Accuracy
Mlﬂti+s‘top,mm 62.64% 14.5 9.28% 105 | 28.08% 14.5 60.74% 65 35.47% 145| 26.69% 145 60.89% 65 37.11% 14.5| 145
Multi+stop,mM 62.64% 14.5 9.28% 105 | 28.08% 14.5 60.74% 65 35.47% 14.5| 26.69% 14.5 60.89% 65 37.11% 14.5| 145
Muni+stop,1vlm 62.64% 14.5 9.28% 105 28.08% 14.5 60.74% 6.5 35.47% 145| 26.69% 14.5 60.89% 6.5 37.11% 145 145
M“hi"'smp,MM 62.64% 14.5 9.28% 105 | 28.08% 145 60.74% 65 35.47% 145| 26.69% 145 60.89% 65 37.11% 14.5| 145
Multi+ 65.43% 105 7.69% 145 | 35.66% 10.5 82.19% 2.5 47.14% 105| 32.15% 10.5 81.91% 25 46.17% 105 105
Multi+ ;5 65.43% 10.5 7.69% 145| 35.66% 10.5 82.19% 2.5 47.14% 105| 32.15% 10.5 81.91% 25 46.17% 10.5| 10.5
Multi+ 65.43% 105 7.69% 145 | 35.66% 10.5 82.19% 25 47.14% 105| 32.15% 105 81.91% 25 46.17% 105 105
Multi+ 5y 65.43% 105 7.69% 145 | 35.66% 10.5 82.19% 2.5 47.14% 105| 32.15% 105 81.91% 25 46.17% 10.5| 105
Mlﬂti:stop,mm 84.03% 45 46.07% 45| 51.84% 45 48.95% 125  49.92% 4.5 | 57.04% 45 47.73% 125 51.97% 45| 45
Multi* g0, my | 84.03% 45 46.07% 45| 51.84% 45  48.95% 125 49.92% 45 | 57.04% 45  47.73% 125 51.97% 45 | 45
Multi* o, ym | 84.03% 45 46.07% 45 | 51.84% 45 48.95% 125 49.92% 4.5 | 57.04% 45 47.73% 125 51.97% 45 | 45
Mlﬂtitstop,MM 84.03% 45 46.07% 45| 51.84% 45 48.95% 125 49.92% 45 | 57.04% 45 47.73% 125 51.97% 45| 45
Multi+ 84.03% 45 46.07% 45| 51.84% 45 48.95% 125  49.92% 45| 57.04% 45 47.73% 125 51.97% 45| 45
Multi ;5 84.03% 45 46.07% 45| 51.84% 45 48.95% 12.5  49.92% 4.5 | 57.04% 45 47.73% 125 51.97% 45| 45
Multiz 84.03% 45 46.07% 45| 51.84% 45 48.95% 125 49.92% 45 | 57.04% 45 47.73% 125 51.97% 45 | 45
Multiz 84.03% 45 46.07% 45| 51.84% 45 48.95% 125 49.92% 4.5 | 57.04% 45 47.73% 125 51.97% 45| 45
Precision
Multi+smp,mm 79.65% 55 36.54% 1.5 | 40.89% 1.5 40.05% 7.5 40.04% 15| 43.09% 15 38.65% 75 40.75% 1.5 15
Multi+ gop myr | 79.65% 55 36.54% 15 | 40.89% 15  40.05% 7.5 40.04% 15| 43.09% 15  38.65% 75 40.75% 15 | 15
MUIti+stop,Mm 18.10% 10.5 0.00% 85| 18.10% 65 100.00% 25 30.42% 65| 18.10% 65 100.00% 25 30.65% 65 6.5
MUIti+stop,MM 18.10% 10.5 0.00% 85| 18.10% 65 100.00% 25 30.42% 65| 18.10% 65 100.00% 25 30.65% 65 6.5
Multi+ ., 47.91% 75 4.60% 3.5 | 24.54% 35 77.80% 55 34.58% 3.5 | 22.37% 3.5 75.98% 55 34.56% 3.5 3.5
Multi+ 47.91% 75 4.60% 3.5 | 24.54% 3.5 77.80% 55 34.58% 3.5 | 22.37% 3.5 75.98% 55 34.56% 3.5 3.5
Multi+ pz, 18.10% 10.5 0.00% 85 | 18.10% 65 100.00% 25 30.42% 65| 18.10% 65 100.00% 25 30.65% 6.5 6.5
Multi+ 5y 18.10% 10.5 0.00% 85| 18.10% 65 100.00% 2.5 30.42% 65| 18.10% 65 100.00% 25 30.65% 65 6.5
Multi+ g0 mm n/a n/a n/a n/a n/a n/a n/a n/a
Multi g0, myr n/a n/a n/a n/a n/a n/a n/a n/a
Multi o ym | 81.90% 25  0.00% 85| 0.00% 105 0.00% 105  0.00% 10.5| 0.00% 10.5 0.00% 105  0.00% 105| 10.5
Multi o ams | 81.90% 25  0.00% 85| 0.00% 105 0.00% 105  0.00% 10.5| 0.00% 10.5 0.00% 105  0.00% 10.5| 10.5
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a
Multi 5, n/a n/a n/a n/a n/a n/a n/a n/a
Multiz 81.90% 2.5 0.00% 8.5 0.00% 10.5 0.00% 10.5 0.00% 10.5 0.00% 10.5 0.00% 105 0.00% 105 105
Multi+ 81.90% 25  0.00% 85| 0.00% 10.5 0.00% 105  0.00% 10.5| 0.00% 10.5 0.00% 105  0.00% 105| 10.5
Subset Accuracy
Multi+ g5 pim - - - - - - - -
Multi+ - - - - - - - -
Multi+ g0, p1m - - R - R - R R
Multi+ R - R - R - R R

Table 21: Predictive performance of different multi-label classification approaches on the data set Scene
using the rule-independent evaluation strategy. Some approaches did not finish in time. The
missing values are indicated by using the label “n/a”.

108



B Results of Model Analyses

. 0 oy . oy i N 0 g
Approach | #Rules  *SOpPINE | B rahel o et Denemient. Dependent | Hesd Rutes  Hed Rutes For o
F-Measure
Single+ g, 102 75 2 0.98% 0.98% 98.04% 0 0.00% 1.00
Single+ 56 0 1 1.79% 0.00% 98.21% 0 0.00% 1.00
Multi+ g0, mm 101 70| 2 0.99% 0.99% 98.02% 0 0.00% 1.00
Multi+ 05 my 101 70| 2 0.99% 0.99% 98.02%| 0 0.00% 1.00
Multi+ 510, 1 18 1 0 0.00% 0.00% 100.00% 6 33.00% 2.11
Multi+ g0, vy 18 1 0 0.00% 0.00% 100.00% 6 33.00% 2.11
Multi+ 65 0 2 3.08% 0.00% 96.92% 0 0.00% 1.00
Multi+ ;5 65 0| 2 3.08% 0.00% 96.92% 0 0.00% 1.00
Multi+ 7, 15 0 0 0.00% 0.00% 100.00%| 3 20.00% 1.40
Multi+ 15 0 0 0.00% 0.00% 100.00%] 3 20.00% 1.40
Single+ g, 116 7 12 2.59% 5.17% 92.24% 0 0.00% 1.00
Single+ 110 0 11 1.82% 5.45% 92.73%| 0 0.00% 1.00
Multi+ g0, 164 8 19 4.88% 5.49% 89.63% 3 1.83% 1.05
Multiz g0, my 164 8 19 4.88% 5.49% 89.63% 3 1.83% 1.05
Multiz g0, ppim 19 1 0 0.00% 0.00% 100.00% 7 36.84% 2.37
Multiz g0, s 19 1 0 0.00% 0.00% 100.00% 7 36.84% 2.37
Multi+ 157 0 16 3.82% 5.10% 91.08%) 3 1.91% 1.06
Multi ;5 157 0 16 3.82% 5.10% 91.08%) 3 1.91% 1.06
Multi+ 5/, 19 0 0 0.00% 0.00% 100.00% 7 36.84% 2.37
Multi+ 19 0| 0 0.00% 0.00% 100.00%) 7 36.84% 2.37
Hamming Accuracy
Single+ g, 83 50| 1 1.20% 0.00% 98.80% 0 0.00% 1.00
Single+ 64 0 3 3.13% 1.56% 95.31% 0 0.00% 1.00
Multi+ 510, 78 39 0 0.00% 0.00% 100.00% 1 1.28% 1.01
Multi+ 515, mm 78 39| 0 0.00% 0.00% 100.00% 1 1.28% 1.01
Multi+ 510, 11 78 39| 0 0.00% 0.00% 100.00% 1 1.28% 1.01
Multi+ g0, sr 78 39| 0 0.00% 0.00% 100.00% 1 1.28% 1.01
Multi+ p,p,, 68 0 0 0.00% 0.00% 100.00% 1 1.47% 1.01
Multi+ 68 0 0 0.00% 0.00% 100.00% 1 1.47% 1.01
Multi+ 7, 68 0 0 0.00% 0.00% 100.00% 1 1.47% 1.01
Multi+ 68 0 0 0.00% 0.00% 100.00% 1 1.47% 1.01
Single+ ., 89 1 5 0.00% 4.49% 95.51% 0 0.00% 1.00
Single+ 89 0 5 0.00% 4.49% 95.51% 0 0.00% 1.00
Multi* 510, 111 12 4 0.00% 2.70% 97.30% 2 1.80% 1.09
Multiz ;o iy 111 12 4 0.00% 2.70% 97.30% 2 1.80% 1.09
Multi 5, yrm 111 12 4 0.00% 2.70% 97.30% 2 1.80% 1.09
Multi+ 5, g 111 12 4 0.00% 2.70% 97.30% 2 1.80% 1.09
Multi 111 0 4 0.00% 2.70% 97.30% 2 1.80% 1.09
Multi 111 0 4 0.00% 2.70% 97.30% 2 1.80% 1.09
Multi+ 7., 111 0 4 0.00% 2.70% 97.30%) 2 1.80% 1.09
Multi+ 5 111 0 4 0.00% 2.70% 97.30% 2 1.80% 1.09
Precision
Single+ g, 266 196) 7 1.50% 1.13% 97.37% 0 0.00% 1.00
Single+ 192 0 6 3.10% 0.00% 96.90% 0 0.00% 1.00
Multi+ g0, mm 227 203| 0 0.00% 0.00% 100.00%) 48 21.15% 1.22
Multi+ g0p my 227 203 0 0.00% 0.00% 100.00% 48 21.15% 1.22
Multi+ g0, pim 18 1 0 0.00% 0.00% 100.00% 6 33.33% 2.11
Multi+ g0 s 18 1 0 0.00% 0.00% 100.00%) 6 33.33% 2.11
Multi+ 177 0 4 2.26% 0.00% 97.74%) 44 24.86% 1.27
Multi+ 177 0 4 2.26% 0.00% 97.74% 44 24.86% 1.27
Multi+ 7, 15 0 0 0.00% 0.00% 100.00% 3 20.00% 1.40
Multi+ 15 0 0 0.00% 0.00% 100.00% 3 20.00% 1.40
Singlex i, 408 10 75 18.38% 0.00% 81.62% 0 0.00% 1.00
Single+ 403 0 75 18.61% 0.00% 81.39% 0 0.00% 1.00
Multi* 510, 57 14 8 5.26% 8.77% 85.97% 53 92.98% 13.67
Multi 5,y 57 14 8 5.26% 8.77% 85.97% 53 92.98% 13.67
Multiz g0, ppim 19 1 0 0.00% 0.00% 100.00% 7 36.84% 2.37
Multiz 0, yg 19 1 0 0.00% 0.00% 100.00% 7 36.84% 2.37
Multi+ ., 53 0 7 3.77% 9.43% 86.80% 51 96.23% 14.55
Multi+ 53 0| 7 3.77% 9.43% 86.80%)| 51 96.23% 14.55
Multi 19 0 0 0.00% 0.00% 100.00% 7 36.84% 2.37
Multi+ 5 19 0 0 0.00% 0.00% 100.00% 7 36.84% 2.37
Subset Accuracy
Multi+ g10p, 1m 82 44 1 1.22% 0.00% 98.78% 3 3.66% 1.04
Multi+ 7, 68 0 2 2.94% 0.00% 97.06%) 3 4.41% 1.04
Multi* o, n/a n/aj n/a n/a n/a n/aj n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a

Table 22: Model analysis of different multi-label classification approaches on the data set MebicaL using
the rule-dependent evaluation strategy. Some approaches did not finish in time. The missing

values are indicated by using the labe

IM

n/a”.
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1 0y - 0 1 - 0y - i- 0 i-
Approach | #Rules ¥ SIOPPING | B tabel | o ot Deanent e hependont | THosd Rujer Head Riter " Bervint
F-Measure
Single+ 51, 106 50 1 0.00% 0.94% 99.06% 0 0.00% 1.00
Single+ 36 0 6 2.86% 14.29% 82.85% 0 0.00% 1.00
Multi+ 510, mm 115 54 2 0.00% 1.74% 98.26% 0 0.00% 1.00
Multi+ g, mar 115 54 2 0.00% 1.74% 98.26% 0 0.00% 1.00
Multi+ 510, pim 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g pmr 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ ., 41 0 2 0.00% 4.88% 95.12%) 0 0.00% 1.00
Multi+ 5 41 0 2 0.00% 4.88% 95.12% 0 0.00% 1.00
Multi+ 7, 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Singlex g, 48 5 9 0.00% 16.67% 83.33% 0 0.00% 1.00
Single+ 48 0 9 0.00% 16.67% 83.33% 0 0.00% 1.00
Multi 5/, 61 6 8 0.00% 11.48% 88.52%) 0 0.00% 1.00
Multi o, my 61 6 8 0.00% 11.48% 88.52% 0 0.00% 1.00
Multi o prm 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multiz g0, v 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 61 0 9 0.00% 13.11% 86.89% 0 0.00% 1.00
Multi+ 5, 61 0 9 0.00% 13.11% 86.89% 0 0.00% 1.00
Multi+ 7, 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Hamming Accuracy
Single+,, 97 41 1 0.00% 1.03% 98.97% 0 0.00% 1.00
Single+ 69 0 3 1.45% 2.90% 95.65% 0 0.00% 1.00
Multi+ g1, mm 205 93| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 1, mur 205 93| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g0, prm 205 93| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 1, s 205 93| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 107 0 3 0.00% 2.80% 97.20% 0 0.00% 1.00
Multi+ ;5 107 0 3 0.00% 2.80% 97.20%| 0 0.00% 1.00
Multi+ 7, 107 0 3 0.00% 2.80% 97.20% 0 0.00% 1.00
Multi+ 107 0 3 0.00% 2.80% 97.20% 0 0.00% 1.00
Single* g, 20 2 2 0.00% 10.00% 90.00%) 0 0.00% 1.00
Single+ 20 0 2 0.00% 10.00% 90.00% 0 0.00% 1.00
Multiz g0, mm 51 11 3 0.00% 3.92% 96.08% 0 0.00% 1.00
Multi£ 51, mpr 51 0 3 0.00% 3.92% 96.08%) 0 0.00% 1.00
Multiz g0, pm 51 0 3 0.00% 3.92% 96.08% 0 0.00% 1.00
Multi£ 1, s 51 0 3 0.00% 3.92% 96.08%) 0 0.00% 1.00
Multi+ 51 0 3 0.00% 3.92% 96.08% 0 0.00% 1.00
Multi+ 5 51 0 3 0.00% 3.92% 96.08% 0 0.00% 1.00
Multi+ 7, 51 0 3 0.00% 3.92% 96.08% 0 0.00% 1.00
Multiz 5, 51 0 3 0.00% 3.92% 96.08% 0 0.00% 1.00
Precision
Single+ g, 355 171 1 0.00% 0.28% 99.72% 0 0.00% 1.00
Single+ 153 0 1 0.00% 0.65% 99.35% 0 0.00% 1.00
Multi+ 515, mm 268 201 0 0.00% 0.00% 100.00%) 116 42.28% 1.50
Multi+ 51, mur 268 201, 0 0.00% 0.00% 100.00%) 116 42.28% 1.50
Multi+ g0, prm 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ gt v 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 135 0 0 0.00% 0.00% 100.00%) 52 38.52% 1.44
Multi+ 5 135 0 0 0.00% 0.00% 100.00%) 52 38.52% 1.44
Multi+ 7, 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Single+,, 262 9 11 4.20% 0.00% 95.80% 0 0.00% 1.00
Single+ 245 0 16 6.53% 0.00% 93.47% 0 0.00% 1.00
Multi gy, 100 33| 0 0.00% 0.00% 100.00%) 98 98.00% 4.34
Multi 51, mpr 100 33| 0 0.00% 0.00% 100.00%) 98 98.00% 4.34
Multiz g0, pm 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi ;o pmr 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 94 0 0 0.00% 0.00% 100.00% 92 97.87% 4.59
Multiz 94 0 0 0.00% 0.00% 100.00%) 92 97.87% 4.59
Multi+ 7, 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 5 6 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Subset Accuracy
Multi+ 510, pm 197 108 1 0.00% 0.51% 99.49% 0 0.00% 1.00
Multi+ 109 0 3 0.00% 2.75% 97.25% 0 0.00% 1.00
Multi g5, prm 108 16 1 0.00% 0.93% 99.07% 0 0.00% 1.00
Multi+ 7, 84 0 1 0.00% 1.19% 98.81% 0 0.00% 1.00

Table 23: Model analysis of different multi-label classification approaches on the data set EmoTions using
the rule-dependent evaluation strategy.
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i 0y . 0 1 - 0 - i- 0 i-
Approach | #Rules  FOPRING | K Lt e ot Bepomient - Dependent. | Hesd Rites. Head Ruter. “Far tont
F-Measure
Single+ g, 30 16 1 3.33% 0.00% 96.67%) 0 0.00% 1.00
Single+ 24 0 1 4.17% 0.00% 95.83% 0 0.00% 1.00
Multi+ 510, mm 32 17| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g, mm 32 17| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g0, p1m 20 1 0 0.00% 0.00% 100.00%) 1 5.00% 1.10
Multi+ g0, v 20 1 0 0.00% 0.00% 100.00%| 1 5.00% 1.10
Multi+ 24 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 5 24 0 0 0.00% 0.00% 100.00%| 0 0.00% 1.00
Multi+ 7, 14 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 14 0 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Singlex ,, 54 1 2 1.85% 1.85% 96.30%) 0 0.00% 1.00
Single+ 54 0 2 1.85% 1.85% 96.30%) 0 0.00% 1.00
Multi g/, 56 3 1 1.79% 0.00% 98.21% 1 1.79% 1.02
Multi£ 51, mpr 56 3 1 1.79% 0.00% 98.21% 1 1.79% 1.02
Multi g5, pm 22 1 0 0.00% 0.00% 100.00% 3 13.64% 1.23
Multi£ g1, s 22 1 0 0.00% 0.00% 100.00% 3 13.64% 1.23
Multi+ ., 53 0 1 1.89% 0.00% 98.11% 1 1.89% 1.02
Multi+ 53 0 1 1.89% 0.00% 98.11% 1 1.89% 1.02
Multi+ 4z, 22 0 0 0.00% 0.00% 100.00%) 3 13.64% 1.23
Multi 22 0 0 0.00% 0.00% 100.00%) 3 13.64% 1.23
Hamming Accuracy
Single+ ), 29 15 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Single+ 23 0 2 8.70% 0.00% 91.30%) 0 0.00% 1.00
Multi+ g0, mm 28 13 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 1, mar 28 13 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g0, pim 28 13 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ gy 28 13| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ ., 24 0 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 24 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ y,, 24 0 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ ppy 24 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Single* ;,, 52 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Single+ 52 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi ;o mm 54 3 3 0.00% 3.70% 96.30%) 1 1.85% 1.02
Multi£ 51, mpr 54 3 3 0.00% 3.70% 96.30%) 1 1.85% 1.02
Multi+ 5/, ppm 54 3| 3 0.00% 3.70% 96.30% 1 1.85% 1.02
Multi£ 51, s 54 3 3 0.00% 3.70% 96.30% 1 1.85% 1.02
Multi+ ., 54 0 3 0.00% 3.70% 96.30%) 1 1.85% 1.02
Multi+ 54 0 3 0.00% 3.70% 96.30%) 1 1.85% 1.02
Multi+,, 54 0 3 0.00% 3.70% 96.30%) 1 1.85% 1.02
Multi+ 54 0 3 0.00% 3.70% 96.30%) 1 1.85% 1.02
Precision
Single+ g, 53 38| 1 1.89% 0.00% 98.11%| 0 0.00% 1.00
Single+ 15 0 1 6.67% 0.00% 93.33%| 0 0.00% 1.00
Multi+ g0, mm 37 25| 0 0.00% 0.00% 100.00% 5 13.51% 1.16
Multi+ g0, my 37 25| 0 0.00% 0.00% 100.00%) 5 13.51% 1.16
Multi+ 515, pm 20 1 0 0.00% 0.00% 100.00% 1 5.00% 1.10
Multi+ g0, v 20 1 0 0.00% 0.00% 100.00%| 1 5.00% 1.10
Multi+ 14 0 0 0.00% 0.00% 100.00%| 4 28.57% 1.36
Multi+ gy 14 0 0 0.00% 0.00% 100.00%) 4 28.57% 1.36
Multi+ 7, 14 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ sz, 14 0 0 0.00% 0.00% 100.00%| 0 0.00% 1.00
Singlex g, 72 10 9 12.68% 0.00% 87.32%) 0 0.00% 1.00
Single+ 51 0 8 15.69% 0.00% 84.31% 0 0.00% 1.00
Multi ;o 23 9 4 0.00% 17.39% 82.61%) 16 69.57% 12.57
Multiz o, s 23 9 4 0.00% 17.39% 82.61%) 16 69.57% 12.57
Multiz g/, pm 22 1 0 0.00% 0.00% 100.00%) 3 13.64% 1.23
Multi£ g1, s 22 1 0 0.00% 0.00% 100.00% 3 13.64% 1.23
Multi+ 15 0 4 0.00% 26.67% 73.33%| 14 93.33% 18.40
Multi+ 15 0 4 0.00% 26.67% 73.33%| 14 93.33% 18.40
Multi+ yz, 22 0 0 0.00% 0.00% 100.00%) 3 13.64% 1.23
Multi+ 22 0 0 0.00% 0.00% 100.00%) 3 13.64% 1.23
Subset Accuracy
Multi+ 510, pm 28 13 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ p, 24 0 6 25.00% 0.00% 75.00%)| 6 25.00% 1.25
Multi+ 5/, ppm 54 2 6 5.56% 5.56% 88.88% 54 100.00% 3.30
Multi+ 54 0 6 5.56% 5.56% 88.88%) 54 100.00% 3.30

Table 24: Model analysis of different multi-label classification approaches on the data set GENBASE using
the rule-dependent evaluation strategy.
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. 0 o . o i - 0 g
Approach | #Rules  # SOPPINE | B laRel e ent ¢ Dependent. Dependent | Hesd Rues  Hend Rutes - For Hoad ®
F-Measure
Single+ g, 155 85| 3 0.65% 1.29% 98.06%) 0 0.00% 1.00
Single+ 135 0 8 2.96% 2.96% 94.08% 0 0.00% 1.00
Multi+ o, 149 73 1 0.67% 0.00% 99.33%) 2 1.34% 1.01
Multi+ g0 g 149 73 1 0.67% 0.00% 99.33% 2 1.34% 1.01
Multi+ g0, 3 14 1 0 0.00% 0.00% 100.00% 5 0.36% 1.36
Multi+ g0 nng 14 1 0 0.00% 0.00% 100.00% 5 0.36% 1.36
Multi+ ,,, 132 0 5 3.79% 0.00% 96.21% 2 1.52% 1.02
Multi+ ;7 132 0 5 3.79% 0.00% 96.21% 2 1.52% 1.02
Multi+ 5, 11 0 0 0.00% 0.00% 100.00% 3 27.27% 1.27
Multi+ 11 0 0 0.00% 0.00% 100.00% 3 27.27% 1.27
Singlex 81 4 2 0.00% 2.47% 97.53% 0 0.00% 1.00
Single+ 80 0 2 0.00% 2.50% 97.50% 0 0.00% 1.00
Multi+ g0 mm 136 6 1 0.00% 0.74% 99.26%| 0 0.00% 1.00
Multi+ g, g 136 6 1 0.00% 0.74% 99.26%) 0 0.00% 1.00
Multi* g, 4rm 16 2 0 0.00% 0.00% 100.00%) 6 37.50% 1.56
Multi+ g e 16 2 0 0.00% 0.00% 100.00%) 6 37.50% 1.56
Multi+ ., 131 0 1 0.00% 0.76% 99.24% 0 0.00% 1.00
Multi 5 131 0 1 0.00% 0.76% 99.24% 0 0.00% 1.00
Multi+ 14 0 0 0.00% 0.00% 100.00% 5 35.71% 1.36
Multi+ 14 0 0 0.00% 0.00% 100.00% 5 35.71% 1.36
Hamming Accuracy
Single+ ), 167 63| 5 1.20% 18.00% 80.80%] 0 0.00% 1.00
Single+ 155 0 7 2.58% 1.94% 95.48% 0 0.00% 1.00
Multi+ g0 160 54 3 0.00% 1.88% 98.12% 0 0.00% 1.00
Multi+ 510, s 160 54 3 0.00% 1.88% 98.12% 0 0.00% 1.00
Multi+ g0, pm 160 54 3 0.00% 1.88% 98.12% 0 0.00% 1.00
Multi+ g0 pns 160 54 3 0.00% 1.88% 98.12% 0 0.00% 1.00
Multi+ 156 0| 4 0.64% 1.92% 97.44%| 0 0.00% 1.00
Multi+ ;5 156 0| 4 0.64% 1.92% 97.44%| 0 0.00% 1.00
Multi+ 156 0 4 0.64% 1.92% 97.44%) 0 0.00% 1.00
Multi+ 156 0 4 0.64% 1.92% 97.44%) 0 0.00% 1.00
Singlex g, 48 2 1 0.00% 2.08% 97.92%) 0 0.00% 1.00
Single+ 48 0 1 0.00% 2.08% 97.92%) 0 0.00% 1.00
Multi g5, 1 130 19 1 0.77% 0.00% 99.23%) 0 0.00% 1.00
Multi+ g, g 130 19 1 0.77% 0.00% 99.23% 0 0.00% 1.00
Multi£ o, pm 130 19 1 0.77% 0.00% 99.23% 0 0.00% 1.00
Multiz g0, ymr 130 19 1 0.77% 0.00% 99.23%) 0 0.00% 1.00
Multi+ ., 130 0 1 0.77% 0.00% 99.23% 0 0.00% 1.00
Multi 130 0 1 0.77% 0.00% 99.23% 0 0.00% 1.00
Multi+ 7, 130 0 1 0.77% 0.00% 99.23% 0 0.00% 1.00
Multi+ 130 0 1 0.77% 0.00% 99.23% 0 0.00% 1.00
Precision
Single+ g, 240 129 6 2.08% 0.42% 97.50% 0 0.00% 1.00
Single+ 194 0 20 10.31% 0.00% 89.69% 0 0.00% 1.00
Multi+ 505 m 165 133 0 0.00% 0.00% 100.00% 58 35.15% 1.53
Multi+ 105 mm 165 133 0 0.00% 0.00% 100.00%) 58 35.15% 1.53
Multi+ g0, p1m 14 1 0 0.00% 0.00% 100.00% 5 35.71% 1.36
Multi+ g0, a1 14 1 0 0.00% 0.00% 100.00% 5 35.71% 1.36
Multi+ ,,, 151 0 0 0.00% 0.00% 100.00% 55 36.42% 1.53
Multi+ 151 0 0 0.00% 0.00% 100.00% 55 36.42% 1.53
Multi+ 5, 11 0 0 0.00% 0.00% 100.00% 3 27.27% 1.27
Multi+ ypy 11 0 0 0.00% 0.00% 100.00% 3 27.27% 1.27
Singlex i, 227 1 5 2.20% 0.00% 97.80% 0 0.00% 1.00
Singlex 210 0 5 2.38% 0.00% 97.62% 0 0.00% 1.00
Multi o, 55 6 0 0.00% 0.00% 100.00% 55 100.00% 11.45
Multi o, g 55 6 0 0.00% 0.00% 100.00% 55 100.00% 11.45
Multi+ g, 3m 16 2 0 0.00% 0.00% 100.00% 6 37.50% 1.56
Multi £ g5, g 16 2 0 0.00% 0.00% 100.00% 6 37.50% 1.56
Multi+ 53 0 0 0.00% 0.00% 100.00% 53 100.00% 11.60
Multi+ 53 0 0 0.00% 0.00% 100.00% 53 100.00% 11.60
Multi+ 14 0 0 0.00% 0.00% 100.00% 5 35.71% 35.71
Multi+ ¢ 14 0 0 0.00% 0.00% 100.00% 5 35.71% 35.71
Subset Accuracy
Multi+ g0, p1m 158 57| 4 0.00% 2.53% 97.47% 0 0.00% 1.00
Multi+ 7, 156 0 5 1.92% 1.28% 96.80%| 5 3.21% 1.03
Multi 0, p1m 130 19 1 0.77% 0.00% 99.23%) 0 0.00% 1.00
Multi+ ., 130 0 1 0.77% 0.00% 99.23% 0 0.00% 1.00

Table 25: Model analysis of different multi-label classification approaches on the data set BirDs using the
rule-dependent evaluation strategy.
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. 0 o . o i . 0 g
Approach | #Rules  *SOPPINE | B tane e et henemientDependent | Hesd Runes s Ruter. Bor o
F-Measure
Single+ s, 152 119) 0 0.00% 0.00% 100.00%| 0 0.00% 1.00
Single+ 30 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 510, 149 115 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g0, ng 149 115 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g0, pim 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g0, s 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 45 0| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 45 0| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ pz,,, 6 0| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ y 6 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Singlex 56 6 6 1.79% 5.36% 92.85%| 0 0.00% 1.00
Single+ 55 0| 5 1.81% 5.45% 92.74%| 0 0.00% 1.00
Multi+ g0 mm n/a n/al n/a n/a n/a n/aj n/a n/a n/a
Multi g0, 7ung 55 7| 10 0.00% 10.91% 89.09% 0 0.00% 1.00
Multi 510, 41m 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi= g0, ng 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ ., 51 0| 8 1.96% 9.80% 88.24% 0 0.00% 1.00
Multi+ 51 0| 8 1.96% 9.80% 88.24% 0 0.00% 1.00
Multi+ 6 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 37, 6 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Hamming Accuracy
Single+ ), 251 213 0 0.00% 0.00% 100.00%| 0 0.00% 1.00
Single+ 114 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g0, mm 321 273 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 510, s 321 273 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g5 y1m 321 273 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g0, s 321 273 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 148 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 5, 148 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 7, 148 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 148 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Singlex i, 23 2 2 0.00% 8.70% 91.30% 0 0.00% 1.00
Single+ 23 0| 2 0.00% 8.70% 91.30% 0 0.00% 1.00
Multi 510, 58 10| 3 5.17% 0.00% 94.83%| 0 0.00% 1.00
Multiz g5,y 58 10| 3 5.17% 0.00% 94.83% 0 0.00% 1.00
Multi g0, i 58 10| 3 5.17% 0.00% 94.83% 0 0.00% 1.00
Multi£ g, 1 58 10| 3 5.17% 0.00% 94.83% 0 0.00% 1.00
Multi+ 58 0| 3 5.17% 0.00% 94.83% 0 0.00% 1.00
Multi+ 5, 58 0| 3 5.17% 0.00% 94.83% 0 0.00% 1.00
Multi* p, 58 0| 3 5.17% 0.00% 94.83% 0 0.00% 1.00
Multi+ 5, 58 0| 3 5.17% 0.00% 94.83% 0 0.00% 1.00
Precision
Single+ g, 483 408 0 0.00% 0.00% 100.00%)| 0 0.00% 1.00
Single+ 288 0| 4 1.39% 0.00% 98.61%| 0 0.00% 1.00
Multi+ g0, mm 443 384 0 0.00% 0.00% 100.00%) 20 4.51% 1.05
Multi+ 570, rung 443 384 0 0.00% 0.00% 100.00% 20 4.51% 1.05
Multi+ 5105, 1m 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g0, yns 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 326 0| 1 0.31% 0.00% 99.69% 10 3.07% 1.03
Multi+ ;5 326 0| 1 0.31% 0.00% 99.69% 10 3.07% 1.03
Multi+ 7, 6 0| 1 16.67% 0.00% 83.33% 0 0.00% 1.00
Multi+ pp 6 0| 1 16.67% 0.00% 83.33% 0 0.00% 1.00
Singlex 358 21 29 8.10% 0.00% 91.90% 0 0.00% 1.00
Single+ 338 0| 25 7.40% 0.00% 92.60%) 0 0.00% 1.00
Multi 0, nm 144 66 0 0.00% 0.00% 100.00% 143 99.31% 3.95
Multi g, 144 66 0 0.00% 0.00% 100.00%) 143 99.31% 3.95
Multi* g, 3rm 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g, s 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multix 133 0| 0 0.00% 0.00% 100.00%) 132 99.25% 4.02
Multi+ 5, 133 0| 0 0.00% 0.00% 100.00%) 132 99.25% 4.02
Multi* 6 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ yp 6 0| 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Subset Accuracy
Multi+ g, ym 325 274 0 0.00% 0.00% 100.00%| 0 0.00% 1.00
Multi+ 47, 153 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 0, p1m 60 10 3 0.00% 5.00% 95.00%) 0 0.00% 1.00
Multi+ 60 0| 3 0.00% 5.00% 95.00%| 0 0.00% 1.00

Table 26: Model analysis of different multi-label classification approaches on the data set ScenEe using the
rule-dependent evaluation strategy. Some approaches did not finish in time. The missing values
are indicated by using the label “n/a".

113



# Label

% Full Label- % Partially Label-

% Not Label-

# Multi-Label

% Multi-Label

Avg. # Labels

Approach #Rules  * Sﬁm)epsmg | Conditions  Dependent Dependent Dependent Head Rules Head Rules Per Head
F-Measure
Multi+ s0p, mm 117 1 111 82.05% 8.55% 9.40%) 47 40.17% 1.74
Multi+ 1, mar 86 2 7 8.14% 0.00% 91.86% 41 47.67% 1.51
Multi+ stop,Mm 35 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g pmr 35 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 27 0 15 25.93% 29.63% 44.44%) 0 0.00% 1.00
Multi+ 20 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ y,,, 20 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ ps 20 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi* 0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi g0 g n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi* 0 v n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop,MM n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi+ ., n/a n/a| n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/al n/a n/a n/a n/al n/a n/a n/a
Multi+ 70, n/a n/al n/a n/a n/a n/al n/a n/a n/a
Hamming Accuracy
Multi+ s, mm 183 95 56 2.73% 27.32% 69.95% 67 36.61% 1.55
Multi+ 51, mur 183 95| 56 2.73% 27.32% 69.95% 67 36.61% 1.55
Multi+ g0, pm 183 95 56 2.73% 27.32% 69.95% 67 36.61% 1.55
Multi+ g0 nr 183 95 56 2.73% 27.32% 69.95% 67 36.61% 1.55
Multi+ 44 0 11 9.09% 15.90% 75.01%| 6 13.64% 1.14
Multi+ ;5 44 0 11 9.09% 15.90% 75.01%| 6 13.64% 1.14
Multi+ 44 0 11 9.09% 15.90% 75.01%| 6 13.64% 1.14
Multi+ 44 0 11 9.09% 15.90% 75.01%| 6 13.64% 1.14
Multi g0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi ., my n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi g0 pm n/a n/al n/a n/a n/a n/a n/a n/a n/a
Multi ;) pmp n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a| n/a n/a n/a n/a n/a n/a n/a
Multi n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi+ n/a n/al n/a n/a n/a n/a| n/a n/a n/a
Multi+ 7, n/a n/al n/a n/a n/a n/a n/a n/a n/a
Precision
MUlti+ 570, mm 223 223 0 0.00% 0.00% 100.00%) 58 26.01% 1.26
Multi+ g5, mm 223 223 0 0.00% 0.00% 100.00%) 58 26.01% 1.26
Multi+ g0, pim 35 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g1, pns 35 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 223 0 0 0.00% 0.00% 100.00%) 58 26.01% 1.26
Multi+ 5 223 0 0 0.00% 0.00% 100.00%) 58 26.01% 1.26
Multi+ 20 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ pz, 20 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi* g0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop,mM n/a n/aj n/a n/a n/a n/aj n/a n/a n/a
Multi+ stop,Mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop, MM n/a n/aj n/a n/a n/a n/al n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ ., n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi* n/a n/al n/a n/a n/a n/a n/a n/a n/a
Multi+ 7, n/a n/al n/a n/a n/a n/al n/a n/a n/a
Subset Accuracy
Multi+ g0p pim - | - - - ] - - -
Multi+ 7, - R - - - i - - -
Multi* g0 pim - N - - - i - - -
Multi+ - | - - - i - - -

Table 27: Model analysis of different multi-label classification approaches on the data set MepicaL using
the rule-independent evaluation strategy. Some approaches did not finish in time. The missing

values are indicated by using the labe

IM

n/a”.
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i 0y - 0 1 - 0y - i- 0 i-
Approach | #Rules ¥ SOPRING | F tabel O et Denandent - Dependent | ‘Hesd Rijes  Head Rites " Bertiond
F-Measure
Multi+ s15p, mm 12 1 4 16.67% 16.67% 66.66%) 7 58.33% 1.75
Multi+ gt mm 16 1 5 31.25% 0.00% 68.75%) 9 56.25% 1.69
Multi+ s, i 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g pmr 6 1 3 50.00% 0.00% 50.00%| 0 0.00% 1.00
Multi+ 8 0 0 0.00% 0.00% 100.00% 5 62.50% 1.63
Multi+ 5 9 0 0 0.00% 0.00% 100.00% 3 33.33% 1.33
Multi+ p, 5 0 2 40.00% 0.00% 60.00% 2 40.00% 1.60
Multi+ 5 0 1 20.00% 0.00% 80.00%) 2 40.00% 1.60
Multi g5, 2 2 0 0.00% 0.00% 100.00%) 2 100.00% 6.00
Multi+ g, 2 2 0 0.00% 0.00% 100.00% 2 100.00% 6.00
Multi g/, v 1 1 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi+ g, yar 1 1 0 0.00% 0.00% 100.00% 1 100.00% 6.00
Multi+ 2 0 0 0.00% 0.00% 100.00% 2 100.00% 6.00
Multi+ 2 0 0 0.00% 0.00% 100.00% 2 100.00% 6.00
Multi y,, 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Hamming Accuracy
Multi+ g0, mm 86 29| 34 0.00% 38.37% 61.63% 64 74.42% 1.91
Multi+ g5, mm 86 29 34 0.00% 38.37% 61.63%) 64 74.42% 1.91
Multi+ g0, pim 86 29 34 0.00% 38.37% 61.63%) 64 74.42% 1.91
Multi+ g pm 86 29 34 0.00% 38.37% 61.63% 64 74.42% 1.91
Multi+ 17 0 1 0.00% 5.88% 94.12% 13 76.47% 1.94
Multi+ 17 0 1 0.00% 5.88% 94.12% 13 76.47% 1.94
Multi+ y, 17 0 1 0.00% 5.88% 94.12%) 13 76.47% 1.94
Multi+ 17 0 1 0.00% 5.88% 94.12%) 13 76.47% 1.94
Multi ;o mm 6 6 0 0.00% 0.00% 100.00% 6 100.00% 6.00
Multiz i, 6 0 0 0.00% 0.00% 100.00%) 6 100.00% 6.00
Multi ;) prm 6 0 0 0.00% 0.00% 100.00%) 6 100.00% 6.00
Multi ., pmg 6 0 0 0.00% 0.00% 100.00% 6 100.00% 6.00
Multi+ 6 0 0 0.00% 0.00% 100.00% 6 100.00% 6.00
Multi+ 6 0 0 0.00% 0.00% 100.00% 6 100.00% 6.00
Multi y,, 6 0 0 0.00% 0.00% 100.00% 6 100.00% 6.00
Multi+ 6 0 0 0.00% 0.00% 100.00%) 6 100.00% 6.00
Precision
Multi+ 0, mm 266 245 0 0.00% 0.00% 100.00% 175 65.79% 1.76
Multi+ g0 mar 266 245 0 0.00% 0.00% 100.00%) 175 65.79% 1.76
Multi+ g0 p1m 6 1 3 50.00% 0.00% 50.00%| 0 0.00% 1.00
Multi+ g5 v 6 1 3 50.00% 0.00% 50.00%) 0 0.00% 1.00
Multi+ 246 0 0 0.00% 0.00% 100.00% 155 63.01% 1.68
Multi+ ;,ps 246 0 0 0.00% 0.00% 100.00% 155 63.01% 1.68
Multi+ yz,, 5 0 1 20.00% 0.00% 80.00%) 2 40.00% 1.60
Multi+ 5 0 1 20.00% 0.00% 80.00% 2 40.00% 1.60
Multi+ 515, mm 223 223 0 0.00% 0.00% 100.00%) 223 100.00% 6.00
Multi£ g1, mar 223 223 0 0.00% 0.00% 100.00%) 223 100.00% 6.00
Multi 5/, v 1 1 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi£ 51, s 1 1 0 0.00% 0.00% 100.00% 1 100.00% 6.00
Multi+ 223 0 0 0.00% 0.00% 100.00%) 223 100.00% 6.00
Multi+ 223 0 0 0.00% 0.00% 100.00% 223 100.00% 6.00
Multi+ 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi+ 1 0 0 0.00% 0.00% 100.00% 1 100.00% 6.00
Subset Accuracy
Multi+ g0p pm - i - - - i - - -
Multi+ 57, - N - - - i - - -
Multi* g0 pim - N - - - i - - -
Multi+ - N - - - i - - -

Table 28: Model analysis of different multi-label classification approaches on the data set EmoTions using
the rule-independent evaluation strategy.
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Approach

# Stopping
# Rules Rufes

e

# Label

% Full Label- % Partially Label-

% Not Label-

# Multi-Label

% Multi-Label

Avg. # Labels

onditions  Dependent Dependent Dependent Head Rules Head Rules Per Head
F-Measure
Multi+ s, mm 24 4 7 16.67% 12.50% 70.83%) 11 45.83% 2.25
Multi+ g, my 21 2 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ stop,Mm 22 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g0y 22 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 12 0 1 8.33% 0.00% 91.67%) 3 25.00% 1.42
Multi+ 12 0 1 8.33% 0.00% 91.67%) 3 25.00% 1.42
Multi+ y,,, 14 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ ppy 14 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi* 0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi g0 g n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi* 0 v n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop,MM n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi+ ., n/a n/a| n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/al n/a n/a n/a n/al n/a n/a n/a
Multi+ 70, n/a n/al n/a n/a n/a n/al n/a n/a n/a
Hamming Accuracy
Multi+ s, mm 186 32| 148 32.80% 34.41% 32.79%) 138 74.19% 1.94
Multi+ 51, mur 186 32| 148 32.80% 34.41% 32.79%) 138 74.19% 1.94
Multi+ g0, pm 186 32 148 32.80% 34.41% 32.79% 138 74.19% 1.94
Multi+ 1, s 186 32| 148 32.80% 34.41% 32.79%) 138 74.19% 1.94
Multi+ 13 0 2 15.38% 0.00% 84.62%) 4 30.77% 1.38
Multi+ pp, 13 0 2 15.38% 0.00% 84.62%) 4 30.77% 1.38
Multi+ 13 0 2 15.38% 0.00% 84.62%) 4 30.77% 1.38
Multi+ ppy 13 0 2 15.38% 0.00% 84.62%) 4 30.77% 1.38
Multi g0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi* ;o my n/a n/al n/a n/a n/a n/al n/a n/a n/a
Multi g0 pim n/a n/al n/a n/a n/a n/a n/a n/a n/a
Multi i, pmg n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a| n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ 7, n/a n/al n/a n/a n/a n/a n/a n/a n/a
Precision
Multi+ g0 mm 222 222 0 0.00% 0.00% 100.00%)| 17 7.66% 1.08
Multi+ g5, mm 222 222, 0 0.00% 0.00% 100.00%) 17 7.66% 1.08
Multi+ 515, pim 22 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g, pm 22 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 222 0 0 0.00% 0.00% 100.00%) 17 7.66% 1.08
Multi+ 5 222 0 0 0.00% 0.00% 100.00%) 17 7.66% 1.08
Multi+ 14 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ pz, 14 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi* g0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop,mM n/a n/aj n/a n/a n/a n/aj n/a n/a n/a
Multi+ stop,Mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop, MM n/a n/aj n/a n/a n/a n/al n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ ., n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi* n/a n/al n/a n/a n/a n/a n/a n/a n/a
Multi+ 7, n/a n/al n/a n/a n/a n/al n/a n/a n/a
Subset Accuracy
Multi+ g0p pim - | - - - ] - - -
Multi+ 7, - R - - - i - - -
Multi* g0 pim - N - - - i - - -
Multi+ - | - - - i - - -

Table 29: Model analysis of different multi-label classification approaches on the data set GEnease using
the rule-independent evaluation strategy. Some approaches did not finish in time. The missing

values are indicated by using the labe

IM

n/a”.
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# Label

% Full Label- % Partially Label-

% Not Label-

# Multi-Label

% Multi-Label

Avg. # Labels

Approach #Rules  * Sﬁm)epsmg | Conditions  Dependent Dependent Dependent Head Rules Head Rules Per Head
F-Measure
Multi+ s, mm 47 2| 11 14.89% 6.38% 78.73%)| 7 14.89% 1.15
Multi+ g0 mm 38 1 4 10.53% 0.00% 89.47%) 0 0.00% 1.00
Multi+ stop,Mm 19 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ gy, 1ar 19 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 18 0 1 0.00% 5.56% 94.44%) 0 0.00% 1.00
Multi+ 5 18 0 0 0.00% 0.00% 100.00%) 1 5.56% 1.06
Multi+ y,,, 14 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ ps 13 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi* 0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi g0 g n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi* 0 v n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop,MM n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi+ ., n/a n/a| n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/al n/a n/a n/a n/al n/a n/a n/a
Multi+ 70, n/a n/al n/a n/a n/a n/al n/a n/a n/a
Hamming Accuracy
Multi+ sr0p, mm 194 59 57 0.00% 29.38% 70.62% 104 53.61% 1.89
Multi+ 51, mur 194 59 57 0.00% 29.38% 70.62% 104 53.61% 1.89
Multi+ g0, pm 194 59| 57 0.00% 29.38% 70.62%| 104 53.61% 1.89
Multi+ g0 nr 194 59 57 0.00% 29.38% 70.62% 104 53.61% 1.89
Multi+ 144 0 10 1.39% 5.56% 93.05% 58 40.28% 1.69
Multi+ ;5 144 0 10 1.39% 5.56% 93.05% 58 40.28% 1.69
Multi+ 144 0 10 1.39% 5.56% 93.05%) 58 40.28% 1.69
Multi+ 144 0 10 1.39% 5.56% 93.05% 58 40.28% 1.69
Multi g0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi* ;o my n/a n/al n/a n/a n/a n/al n/a n/a n/a
Multi g0 pim n/a n/al n/a n/a n/a n/a n/a n/a n/a
Multi i, pmg n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a| n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ 7, n/a n/al n/a n/a n/a n/a n/a n/a n/a
Precision
MUTti+ 570, mm 137 134 1 0.73% 0.00% 99.27% 60 43.80% 1.58
Multi+ g1, mum 137 134 1 0.73% 0.00% 99.27% 60 43.80% 1.58
Multi+ g1, prm 19 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ g1, pns 19 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ 135 0 1 0.74% 0.00% 99.26%) 59 43.70% 1.57
Multi+ 135 0 1 0.74% 0.00% 99.26%) 59 43.70% 1.57
Multi+ 13 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ pz, 13 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi* g0 mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop,mM n/a n/aj n/a n/a n/a n/aj n/a n/a n/a
Multi+ stop,Mm n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ stop, MM n/a n/aj n/a n/a n/a n/al n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ ., n/a n/a| n/a n/a n/a n/a| n/a n/a n/a
Multi* n/a n/al n/a n/a n/a n/a n/a n/a n/a
Multi+ 7, n/a n/al n/a n/a n/a n/al n/a n/a n/a
Subset Accuracy
Multi+ g0p pim - | - - - ] - - -
Multi+ 7, - R - - - i - - -
Multi* g0 pim - N - - - i - - -
Multi+ - | - - - i - - -

Table 30: Model analysis of different multi-label classification approaches on the data set Birps using the
rule-independent evaluation strategy. Some approaches did not finish in time. The missing

values are indicated by using the labe

IM
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Approach

# Stopping
# Rules Rures

e

# Label

% Full Label- % Partially Label-

% Not Label-

# Multi-Label

% Multi-Label

Avg. # Labels

onditions  Dependent Dependent Dependent Head Rules Head Rules Per Head
F-Measure
MUlti+ 0, mm 14 1 0 0.00% 0.00% 100.00%) 2 14.29% 1.14
Multi+ g0, mar 13 1 ) 0.00% 0.00% 100.00%) 1 7.69% 1.08
Multi+ g0, pm 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g5y 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ ,,,, 9 0 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ ) 8 0| 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ p, 6 0 1 16.67% 0.00% 83.33% 0 0.00% 1.00
Multi+ y, 6 0| 1 16.67% 0.00% 83.33%) 0 0.00% 1.00
Multi+ g0, mm 1 1 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi+ stop,mM 1 1 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multiz g0, prm 1 1 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi g 1 1 0 0.00% 0.00% 100.00% 1 100.00% 6.00
Multi+ 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi+ ), 1 0| 0 0.00% 0.00% 100.00% 1 100.00% 6.00
Multi+ 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi+ p7, 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Hamming Accuracy
Multi+ s0p, mm 398 312] 1 0.00% 0.25% 99.75%] 43 10.80% 1.11
Multi+ g0 mmr 398 312 1 0.00% 0.25% 99.75% 43 10.80% 1.11
Multi+ 510, pim 398 312 1 0.00% 0.25% 99.75% 43 10.80% 1.11
Multi+ srop nnr 398 312 1 0.00% 0.25% 99.75%| 43 10.80% 111
Multi+ 34 0 0 0.00% 0.00% 100.00%)| 1 2.94% 1.03
Multi+ 34 0 0 0.00% 0.00% 100.00%) 1 2.94% 1.03
Multi+ 34 0 0 0.00% 0.00% 100.00%) 1 2.94% 1.03
Multi+ pzs 34 0 0 0.00% 0.00% 100.00%) 1 2.94% 1.03
Multi g1, rmm 18 18 0 0.00% 0.00% 100.00%) 18 100.00% 6.00
Multi g, muyr 18 0 0 0.00% 0.00% 100.00% 18 100.00% 6.00
Multi+ g0, 18 0 0 0.00% 0.00% 100.00%) 18 100.00% 6.00
Multiz g0, v 18 0 0 0.00% 0.00% 100.00%) 18 100.00% 6.00
Multi+ 18 0 ) 0.00% 0.00% 100.00%) 18 100.00% 6.00
Multi+ 18 0 0 0.00% 0.00% 100.00%) 18 100.00% 6.00
Multi+ y,, 18 0 0 0.00% 0.00% 100.00%) 18 100.00% 6.00
Multi+ 7, 18 0 0 0.00% 0.00% 100.00%) 18 100.00% 6.00
Precision
Multi+ 510p, mm 368 368] 0 0.00% 0.00% 100.00%] 22 5.98% 1.06
Multi+ g1, mar 368 368 0 0.00% 0.00% 100.00%) 22 5.98% 1.06
Multi+ g0, pm 6 1 0 0.00% 0.00% 100.00% 0 0.00% 1.00
Multi+ g5 v 6 1 0 0.00% 0.00% 100.00%) 0 0.00% 1.00
Multi+ 368 0 0 0.00% 0.00% 100.00% 22 5.98% 1.06
Multi+ s 368 0 ) 0.00% 0.00% 100.00%) 22 5.98% 1.06
Multi+ 5, 6 0 1 16.67% 0.00% 83.33% 0 0.00% 1.00
Multi+ pz, 6 0 1 16.67% 0.00% 83.33%) 0 0.00% 1.00
Multi* 0 mm n/a n/al n/a n/a n/a n/a| n/a n/a n/a
Multi* o my n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi g5, pm 1 1 0 0.00% 0.00% 100.00% 1 100.00% 6.00
Multiz g0, pr 1 1 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ n/a n/a n/a n/a n/a n/a n/a n/a n/a
Multi+ 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Multi+ 7, 1 0 0 0.00% 0.00% 100.00%) 1 100.00% 6.00
Subset Accuracy
Multi+ s0p pim N ] R N R ] R R R
Multi+ 7, - N - - - i - - -
Multi* g0 pim - N - - - i - - -
Multi+ - N - - - N - - -

Table 31: Model analysis of different multi-label classification approaches on the data set Scene using the
rule-independent evaluation strategy. Some approaches did not finish in time. The missing

values are indicated by using the labe

IM
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